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Abstract In this paper Type-1 connectedness and Type-2 connectedness in topology of 
intuitionistic fuzzy rough sets are defined and properties of two types of connectedness are 
studied. 
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81. Introduction 


After introducing the idea of fuzzy subsets by Lotfi Zadeh |?! different variations /generali- 
sations of fuzzy subsets were made by several authors. Pawlak ?°) introduced the idea of rough 
sets. Nanda 9! and Coker |! gave the definition of fuzzy rough sets. Atanassov ?) introduced 
the idea of intuitionistic fuzzy sets. Combining the ideas of fuzzy rough sets and intuitionistic 
fuzzy sets T. K. Mandal and S. K. Samanta [16] introduced the concept of intuitionistic fuzzy 
rough sets (briefly call JF RS, definition 1.15). On the other hand fuzzy topology (we call it 
topology of fuzzy subsets) was first introduced by C. L. Chang J. Later many authors dealt 
with the idea of fuzzy topology of different kinds of fuzzy sets. M. K. Chakroborti and T. M. 
G. Ahsanullah |! introduced the concept of fuzzy topology on fuzzy sets. T. K. Mondal and 
S. K. Samanta introduced the topology of interval valued fuzzy sets in [18] and the topology of 
interval valued intuitionistic fuzzy sets in [17]. In [11], we introduced the concept of topology 
of intuitionistic fuzzy rough sets and study its various properties. In defining topology on 
an IFRS from the parent space, we observed that two topologies are induced on the JF RS 
and accordingly two types of continuity are defined. In [12], we studied the connectedness in 


topology of intuitionistic fuzzy sets. 


In this paper, we have defined Type-1 connectedness and Type-2 connectedness in topology 


of intuitionistic fuzzy rough sets and studied properties of two types of connectedness. 
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§2. Preliminaries 


Unless otherwise stated, we shall consider (V,B) to be a rough universe where V is a 
nonempty set and B is a Boolean subalgebra of the Boolean algebra of all subsets of V. Also 
consider a rough set X = (X,, Xv) € B? with Xr, Cc Xv. 

Moreover we assume that Cx be the collection of all JF RS's in X. 

Definition 2.1.!'9! A fuzzy rough set (briefly FRS) in X is an object of the form A = 
(Az, Ay), where Ay and Ay are characterized by a pair of maps Ay : X;, > Land Ay : Xy > 
L with Ap(x) < Ay(x), Va € Xz, where (L, <) is a fuzzy lattice (i.e. complete and completely 
distributive lattice whose least and greatest elements are denoted by 0 and 1 respectively with 
an involutive order reversing operation ’: £ — L). 

Definition 2.2.!'9] For any two fuzzy rough sets A = (Az, Ay) and B= (Bz,, By) in X, 

(i) AC B iff Ay(x) < Br(a), Ve € Xz and Ay(z) < By(az), Ve € Xu; 

(ii) A= Biff AC Band BCA. 

If {A; : 7 € J} be any family of fuzzy rough sets in X, where A; = (Ajz, Aiv), then 

(iii) E =U; Ai, where Ez, (x) = VAin (x), Ve € Xz and Ey(x) = VAiy (x), Ve € Xu; 

(iv) F =), Ai, where Fr(x) = AAjx (x), Va € Xy and Fy(x) = AAjy (x), Va € Xv. 

Definition 2.3.!!°l If A and B are fuzzy sets in X; and Xy respectively where Xz C Xv. 
Then the restriction of B on X, and the extension of A on Xy (denoted by Bs, and Acy 
respectively) are defined by By ;(x) = B(x), Vax € Xz and 


A(x), Va € Xz; 


A r)= 
oe) Veen CMGI: pee 


Complement of an FRS A = (Az, Av) in X are denoted by A = ((A)z,(A)v) and is defined 
by 


(A)z(z) = (Aus1)'(@), Ve € Xz and (A)u(x) = (Ar<u)'(x), Va € Xv. 


For simplicity we write (Az, Ay) instead of ((A),,(A)y). 
Theorem 2.1.!!6 If A, B, C, D and B;, i € J are FRSs in X, then 
i) AC Band Cc D implies AUC C BUDand ANC c BND, 
ii) AC Band BCC implies ACC, 
iii) ANBCA, BCAUB, 
iv) AU ((); Bi) =1,(AU Bi) and AN (U; Bi) = U,(AN Bi), 
VIACBS>ADB, 
vi) U2:= (1; B,; and a= Ll B;. 
Theorem 2.2.!'6 If A be any FRS in X, 0 = (0z,0y) be the null FRS and 1 = (iz, 1) 
be the whole F'RS in X, then 
i) 0c ACI, 
(i) 6=1,1=0. 
Notation 2.1. Let (V,6) and (Vj,6,) be two rough universes and f : V — Vi be 
a mapping. If f(A) € Bi, VA © B, then f maps (V,B) to (Vi, 81) and it is denoted by 
f : (V,B) — (Vi, Bi). If f-*(u) € B, Vu € Bi, then it is denoted by f~! : (Vi, Bi) — (V,B). 


( 
( 
( 
( 
( 
( 
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Definition 2.4.6 Let (V,B) and (Vi,B,) be two rough universes and f : (V,B) > 
(Vi, Bi). 

Let A= (Az, Av) bea FRS in X. Then Y = F(X) E BF and Yr = f(Xz), You _ f (Xv). 
The image of A under f, denoted by f(A) = (f(Az), f(Au)) and is defined by 


f(Ax)(y) = V{Az(2) 22 € XEN f7"(y)}, Vy € Ya; 


and 
f(Au)(y) = V{Au(2): 2 € XuNf-*(y)}, Vy € Yu. 


Next let f : V — V; be such that f~!: (Vi,B,) — (V,B). Let B = (Br, By) bea FRS in Y, 
where Y = (Yz, Yu) € B? isa rough set. Then X = f~1(Y) € B?, where X, = f-1(Yz), Xu = 
f-'(Yv). Then the inverse image of B, under f, denoted by f~'(B) = (f~'(Bz), f~'(Bu)) 
and is defined by 


f-"(Br)(x) = Br(f(a)), Va € Xz and f-"(Bu)(x) = Bu(f(a)), Ve € Xv. 


Theorem 2.3.!6l If f : (V,B) > (Vi, B1) be a mapping, then for all FRSs A, A; and A, 
in X, we have 

(i) (A> FA), 

(ii) Ay C Ap => f(A1) C f(A2). 

Theorem 2.4.9 If f : V — Vi be such that f~! : (Vi,B1) — (V,B). Then for all FRSs 
B, B;, ic Jin Y we have 

(i) f-'(B) = f-*(B), 

(ii) By C By > f7'(Bi) C f71(Ba), 

(iii) If g : Vi — Vo be a mapping such that g~! : (V2, Be) — (Vi, B1), then (go f)~1(C) = 
f-l(g-1(C)), for any FRS C in Z where Z = (Zz, Zu) € B3 is a rough set. go f is the 
composition of g and f, 

(iv) f-*(U; Bi) = U; £7 (Bi), 

(v) f°), Bi) =, f7 (Bi). 

Theorem 2.5.!'6 If f : (V,B) — (Vi, Bi) be a mapping such that f—! : (Vi,B1) — (V,B). 
Then for all FRS Ain X and B in Y, we have 

(i) B= f(f-*(B)), 

(ii) AC f*(f(A)). 

Definition 2.5.4] If A and B are two FRSs in X with B C A and AC B, then the 
ordered pair (A, B) is called an intuitionistic fuzzy rough set (briefly JF RS) in X. 

The condition A C B and B C A are called intuitionistic condition (briefly IC). 

Definition 2.6.['° Let P = (A, B) and Q = (C,D) be two IFRSs in X. Then 

(i) PC Qiff ACCand BD D, 

(ii) P=Qif PCQandQcP, 

(iii) The complement of P in X, denoted by P’, is defined by P’ = (B, A), 
(iv) For IF RSs P, = (A;,B;) in X, i € J, define U7; P, = (Uiez Ais Nie Bi) and 
Mies P= (Nes Ai, View Bi). 

Theorem 2.6.!'6] Let P = (A,B), Q = (C,D), R=(E,F) and P; = (Aj, Bi), i € J be 

IFRSs in X, then 
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i) PRP =P=PUP, 
ii) PNQ=QNP, PUQ=QUP, 
iii) (PNQ)NR=PA(QNR), (PUQ)UR= PU(QUR), 
iv) PNQOCP, QcPUQ, 
v) PCQandQcRSPCR, 
i) Peed, Ved = U7 Fc 9, 
vii) QC PB, Vie T>OQCNles FP 7 
viii) QU (Mies Pi) = Nies(@ U Fi), 
ix) Q N (Uiez P;) = Usex(Q NF), 
x) (P’)' =P, 
xi) PCQeQ cP, 
xii) (ies P wy =Ni ge and (Nes Pi)’ = ies Fi: 
Definition 2.7.!'6 0* = (0,1) and 1* = (1,0) are respectively called null JF RS and whole 
IFRS in X. Clearly (0*)’ = 1* and (1*)/ = 0*. 
Theorem 2.7.!5l If P be any IFRS in X, then 0* C PC1*. 
Slightly changing the definition of the image of an JF RS under f given by Samanta and 


Vv 


ar 


( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 
( 


Mondal "6 we have given the following: 

Definition 2.8.!"] Let (V, B) and (Vi, B1) be two rough universes and f : (V,B) — (Vi, B1) 
be a mapping. Let P = (A,B) be an IFRS in X(= (Xz, Xy)) and Y = f(X) € B?, where 
Yr = f(Xz) and Yu = f(Xv). 

Then we define image of P, under f by f(P) = (f(A 7 f(B)), where f (A) = (f(Az), f(Av)), 
A= (Az, Av) and f(B) = (Cr,Cy) (where B = (Br, By)) is defined by 


Cry) = A{Br(x): 2 € XL Nf ~*(y)}, Wy € Yz, 


A{Bu(z): cE XiAf"y)}, Vy € ¥z; 
Cu(y) = _ 
A{By(x):2€ Xu Nf (y)}, Vy e Yu - Yt. 


Definition 2.9.!6] Let f : V > Vi be such that f~! : (Vi,B1) > (V,B). Let Q = (C,D) 
be an IFRS in Y, where Y = (Yz,Yy) € Bz is a rough set. Then X = f-1(Y) € B?, 
where X, = f~'(Yr) and Xy = f~'(Yuv). Then the inverse image f~1(Q) of Q, under f, is 
defined by f-(Q) = (fF-(C), f(D), where f-(C) = (f-Cz), (Cu) and f(D) = 
(f-*(Dz), f-*(Dv)). 

The following three theorems of Samanta and Mondal !"6! are also valid for this modified 
definition of functional image of an IFRS. 

Theorem 2.8. Let f : (V,B) — (V,,8,) be a mapping. Then for all JFRS's P and Q, we 
have 

(i) #(P) > (F(PYY: 

(ii) PCQ> HP) F(Q). 

Theorem 2.9. Let f : V > V, be such that f~! : (Vi,B,) — (V,B). Then for all JF RSs 
R, Sand Ri, ie Jin Y, 

(i) F(R’) = (FY, 

(ii) RCS = f-(R) c f*(S), 
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(iii) If g : Vi — V2 be a mapping such that g~! : (V2, Bz) — (Vi, Bi), then (go f)-1(W) = 
f-\(g-!(W)) for any IFRS W in Z, where Z = (Zr, Zy) € BF is a rough set, go f is the 
composition of g and f, 

(iv) Fer) = Vies PR), 

(v) "hes Ri) = Dies f-" (Ri). 

Theorem 2.10. Let f : (V,B) — (V;,B,) be a mapping such that f~! : (Vi,B,) — (V,B). 
Then for all JF RS P in X and R in Y, we have 

(i) R= f(f-*(R)), 

(ii) Pc f(F(P)). 

Theorem 2.11.!!4) If P and Q be two JFRSs in X and f : (V,B) > (V;, B,) be a mapping, 
then f(PUQ) = f(P) U f(Q). 

Theorem 2.12.!!] If P, Q be two IFRSs in X and f : (V,B) > (V;,B1) be a mapping, 
then f(PNQ) C f(P)NF(Q). 

Note 2.1. If f : (V,B) — (Vi, B1) be one-one, then clearly f(PN Q) = f(P)N f(Q). But 
in general [(PNQ) # f(P)N(Q). 

Definition 2.10.!"] Let X = (X,, Xv) be a rough set and 7 be a family of [FRS's in X 
such that 

(i) O*, 1* E7, 

(ii) PNQ ET, VP, QErT, 

Gii) Retr, t€A>U aR er. 

Then 7 is called a topology of JF RSs in X and (X,7) is called a topological space of IF RSs 
in X. 

Every member of 7 is called open IFRS. An IFRS C is called closed IF RS if C’ € r. Let 
F denote the collection of all closed JF RS's in (X,r). If 7; = {0*,1*}, then 7; is a topology of 
IFRSs in X. This topology is called the indiscrete topology. The discrete topology of JF RSs 
in X contains all the JF RSs in X. 

Theorem 2.13.!!) The collection F of all closed IF RSs satisfies the following properties: 

(i) Of, 1* EF, 

(ii) P, QE F > PUQEF, 

Git) REF, tea Sfx Ree. 

Definition 2.11.!"] Let P be an IFRS in X. The closure of P in (X,7), denoted by 
cl,P, is defined by the intersection of all closed JF RSs in (X,7) containing P. 

Clearly cl,P is the smallest closed JF'RS containing P and P is closed iff P = cl,P. 

Definition 2.12.!"] Let (X,7) and (Y,u) be two topological spaces of IF RSs and f : 
(V, B) > (Vi, Bi) be a mapping such that f~! : (Vi,Bi) > (V,B). Then f : (X,7) — (Y,u) is 
said to be IF R continuous if f~!(Q) € 7, VQ € u. 

Unless otherwise stated we consider (X,7T) and (Y,u) be topological spaces of IF RSs and 
f :(V,B) — (Vi, B1) be a mapping such that f~! : (Vi, Bi) > (V,B). 

Theorem 2.14.!!] The following statements are equivalent: 

(i) f : (X,7) - (Y,u) is IF R continuous, 

(ii) f-1(Q) is closed IFRS in (X,r), for every closed IFRS Q in (Y,u), 

(iii) f(cl-P) C clu(f(P)), for every IFRS P in X. 
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Definition 2.13.!!"] Let P € Cx. Then a subfamily T of Cx is said to be a topology on 
P if 

(i) QETSQCP, 

(ii) 0*, PET, 

(ii) RL, ReEeTSPNRET, 

GW)ReT2eAS> Wn. eT. 

Then (P, T) is called a subspace topology of (X,7). 

Theorem 2.15.!!!] Let + be a topology of JFRS's in X and let P € Cy. Then 7 = 
{PNOR: RET} is a topology on P. Every member of 7, is called open IFRS in (P,7™). If 
Q € 7, then Qp is called a closed JF RS in (P,7), where Q = PQ’. We take 0* as closed 
IFRS also in (P,71). Let C) = {Q> =PNQ’: QeETm}U {0*}. 

Theorem 2.16.!!4] C; is closed under arbitrary intersection and finite union. 

Remark 2.1. Clearly the collection T2 = {(5)> =(PNP))US:S e7m}U {0*} forms a 
topology of IF RS's on P of which C; is a family of closed JF RSs J, But C; is also a family 
of closed IF RSs in (P,7,). Thus 4 two topologies of JF RSs 7 and 72 on P. 7; is called the 
first subspace topology of (X,7) on P and 79 is called the second subspace topology of (X,7) 





on P. We briefly write, 7, and 72 are first and second topologies respectively on P, where there 
is no confusion about the topological space (X,7) of IF RSs. 

Definition 2.14.!] Let (X,7) and (Y,u) be two topological spaces of IF RS's and P € Cx. 
Let 7, and wu} are first topologies on P and f(P) respectively. Then f : (P,71) — (f(P), u1) is 
said to be JF R; continuous if PN f-1(Q) E71, VQ € wu. 

Theorem 2.17.4] Let (X,7) and (Y,u) be two topological spaces of IF RSs in X and Y 
respectively and P € Cx and let 7, and wu, be first topologies on P and f(P) respectively. If 
f : (X,7) > (Y,u) is IFR continuous, then f : (P,7™) — (f(P),u1) is [FR continuous. 

Definition 2.15.!!) Let (X,7) and (Y, wu) be two topological spaces of JF RSs in X and Y 
respectively and P € Cx and let 72, uz be second topologies on P and f(P) respectively. Then 
f : (P,72) > (f(P), uz) is said to be IF’ R2 continuous if PM (P’ U f~1(Q)) € 72, VQ € us. 

Theorem 2.18.!"!] Let (X,7) and (Y,u) be two topological spaces of IFRS's in X and 
Y respectively and P € Cx. Let 7 and uy be first topologies on P and f(P) respectively and 
T2, Ug be second topologies on P and f(P) respectively. If f : (P,m) — (f(P), ui) is IF Ri 
continuous, then f : (P,72) — (f(P), uz) is IF R2 continuous. 

Corollary 2.1.!" If f : (X,7) — (Y,u) is IFR continuous, then f : (P,72) — (f(P), u2) 


is [FR continuous, where the symbols have usual meaning. 


§3. Connectedness of an JF RS 


Connectedness in fuzzy topological space has been studied by several authors (for reference 
see [1], [5], [6], [8], [15], [21]). We studied connectedness in topology of intuitionistic fuzzy sets 
in [12]. In this section we study two types of connectedness in a topological space of JF RSs. 

Definition 3.1. Let 7, be the first topology on P. AnJF RS Q C Pis said to be nonempty 
in (P,71) if Q 4 0*. 
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Definition 3.2. Let 7, be the first topology on P. Two IF RSs Q, and Q2 are said to be 
disjoint in (P,71) if Q1 NQz = 0". 

Definition 3.3. Let (X,7) be a topological space of JF RS's in X and let P € Cx. Then P 
is said to be Type-1 connected in (X,7), if P can not be expressed as a union of two nonempty 
disjoint open sets in (P,71). 

Theorem 3.1. Let f : (P,m) — (f(P),u1) be IF'R, continuous and P be Type-l 
connected in (X,7), then f(P) is Type-1 connected in (Y,w). 

Proof. Let f : (P,71) — (f(P),u1) be FR, continuous and P be Type-1 connected in 
(X,7). We shall show that f(P) is Type-1 connected in (Y,u), where Y = f(X) and uw is the 
topology of JF RSs in Y. If possible, let f(P) be not Type-1 connected in (Y,w). 


Therefore f(P) = Q1 U Qa, where Qi, Q2 € ui and Qi, Q2 are nonempty disjoint open 
sets in (Y, ui). Therefore 


PS Py Ge) 
PN f-*(Qi1 UQz) 
PO(f-*(Qi1) U f* (Qa) 
= (PNf*(Q1))U(PN fF *(Q2)). (1) 


Since f : (P,m) — (f(P),u1) is TF R, continuous and Q1,Q2 € ui, we have PN 
f-1(Q1), PAf—1(Qz2) € 7. Now we shall show that PX f~'(Q,) and PN f—!(Qz2) are nonempty 
and disjoint. If possible let PO f~'(Q1) = 0*. Therefore from (1) we have P = PN f~'(Q2) and 
hence f~!(Qz2) D P and consequently f(f~1(Qz2)) D f(P), i-e., Q2 D f(P), which contradicts 
f(P) = Q1 U Qe and Qi, Qe are nonempty disjoint. 


Thus PN f~'(Q1) # 0*. Similarly we can prove that PM f~!(Q2) 4 0*. Now (P/N 
FQ, ))n (eas -7(@2)) = 0", Thus Po f-(Qi) and Pn f—(@2) are disjoint. Thus P 
can be expressed as a union of two nonempty disjoint open sets in (P,71). Thus P can not 
be Type-1 connected in (X,7), which is a contradiction. Hence f(P) is Type-1 connected in 
(Y,u). 

Definition 3.4. Let (X,7) be a topological space of JF RSs in X and let P € Cx and 
let 72 be the second topology on P. Then an IFRS Q C P is said to be nonempty in (P, 72) 
ifQ D> PNP’ andQ#4PNP’. Two IFRSs Q and R are said to be disjoint in (P,72) if 
QNRCPNP’. 

Definition 3.5. Let (X,7) be a topological space of JF RS's in X and let P € Cx. Then P 


is said to be Type-2 connected in (X,7) if P can not be expressed as a union of two nonempty 
disjoint open sets in (P, 79). 


Note 3.1. If f : (P,m) — (f(P),u2) is TF Ry continuous and P is Type-2 connected 
in (X,7), then f(P) may not be Type-2 connected in (Y,u). This is shown by the following 
Example. 


Example 3.1. Let X, = Xy = V = {2,y,z,u,v,w}, Yr = Yu = Vi = {a,b}. Define 
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f:V>M by f(z) = fy) = f() = 4, f(u) = fv) = fw) = d. Let 


Q = (({2/0.3, y/0.3, z/0.3, u/0.4, v/0.4, w/0.4}, {2/0.4, y/0.4, z/0.4, u/0.5, v/0.5, w/0.5}), 
({x/0.4, y/0.4, 2/0.4, u/0.3, v/0.3, w/0.3}, {x/0.5, y/0.5, z/0.5, u/0.4, v/0.4, w/0.4})), 

R = (({ax/0.4, y/0.4, z/0.4, u/0.3, v/0.3, w/0.3}, {x /0.5, y/0.5, z/0.5, u/0.4, v/0.4, w/0.4}), 
) 


({x/0.3, y/0.3, z/0.3, u/0.4, v/0.4, w/0.4}, {v/0.4, y/0.4, z/0.4, u/0.5, v/0.5, w/0.5})), 

T = QUR 
= (({x/0.4,y/0.4, z/0.4, u/0.4, v/0.4, w/0.4}, {/0.5,y/0.5, z/0.5,u/0.5,v/0.5, w/0.5}), 
({x/0.3, y/0.3, z/0.3, u/0.3, v/0.3, w/0.3}, {x/0.4, y/0.4, z/0.4, u/0.4, v/0.4, w/0.4})), 

Ss = O08 
= (({x/0.3, y/0.3, z/0.3, u/0.3, v/0.3, w/0.3}, {7 /0.4, y/0.4, z/0.4, u/0.4, v/0.4, w/0.4}), 
({x/0.4,y/0.4, z/0.4,u/0.4, v/0.4, w/0.4}, {x/0.5, y/0.5, z/0.5, u/0.5, /0.5, w/0.5})), 
(({x/0.35, y/0.4, 2/0.4, u/0.3, v/0.3, w/0.3}, {v/0.45, y/0.5, z/0.5, u/0.4, v/0.4, w/0.4}), 
({x/0.3, y/0.3, z/0.3, u/0.4, v/0.4, w/0.4}, {2/0.4, y/0.4, z/0.4, u/0.5, v/0.5, w/0.5})), 
(({x/0.35, y/0.4, z/0.4, u/0.4, v/0.4, w/0.4}, {2/0.45, y/0.5, z/0.5, u/0.5, v/0.5, w/0.5}), 
({x/0.3, y/0.3, 2/0.3, u/0.3, v/0.3, w/0.3}, {x/0.4, y/0.4, z/0.4, u/0.4, v/0.4, w/0.4})). 


Clearly 7 = {0*,1*,Q,R,T,S, M,N} forms a topology of IF RSs in X = (X,, Xv). Let 


P = (({x/0.4, y/0.3, z/0.1, u/0.4, v/0.3, w/0.3}, {2 /0.5, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5}), 
({x/0.3, y/0.3, 2/0.3, u/0.4, v/0.3, w/0.3}, {x/0.4, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5})). 


Therefore 


POP = (({x/0.3, y/0.3, z/0.1, u/0.4, v/0.3, w/0.3}, {x/0.4, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5}), 
({x/0.4, y/0.3, 2/0.3, u/0.4, v/0.3, w/0.3}, {2/0.5, y/0.4, 2/0.4, u/0.4, v/0.5, w/0.5})). 


Now 
Q = Pn(P'uQ) 
= (({x/0.3, y/0.3, z/0.1, u/0.4, v/0.3, w/0.3}, {2 /0.4, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5}), 
({x/0.4, y/0.3, 2/0.3, u/0.4, v/0.3, w/0.3}, {v/0.5, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5})) 
= PNP, 
R = PN(P'UR) 


= (({x/0.4, y/0.3, z/0.1, u/0.4, v/0.3, w/0.3}, {2 /0.5, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5}), 
({z/0.3, y/0.3, 2/0.3, u/0.4, v/0.3, w/0.3}, {2/0.4, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5})) 
=. /P 
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C= PP UT) 
= (({x/0.4, y/0.3, z/0.1, u/0.4, v/0.3, w/0.3}, {2 /0.5, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5}), 
({x/0.3, y/0.3, z/0.3, u/0.4, v/0.3, w/0.3}, {x/0.4, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5})) 
=e 
S = PN(P'US) 
= (({x/0.3, y/0.3, z/0.1, u/0.4, v/0.3, w/0.3}, {7 /0.4, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5}), 
({x/0.4, y/0.3, z/0.3, u/0.4, v/0.3, w/0.3}, {x/0.5, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5})) 
= PNP, 
Mm = POP uM) 
= (({x/0.35, y/0.3, z/0.1, u/0.4, v/0.3, w/0.3}, {a /0.45, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5}), 
({x/0.3, y/0.3, 2/0.3, u/0.4, v/0.3, w/0.3}, {x/0.4, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5})), 
No = PO(P UN) 
= (({x2/0.35, y/0.3, z/0.1, u/0.4, v/0.3, w/0.3}, {7 /0.45, y/0.4, 2/0.4, u/0.4, v/0.5, w/0.5}), 
({x/0.3, y/0.3, 2/0.3, u/0.4, v/0.3, w/0.3}, {x/0.4, y/0.4, z/0.4, u/0.4, v/0.5, w/0.5})) 
= M, 
PRP UM SP, 
PO(PUL)=P. 


Thus 72 = {0*, P,P P’, M} forms a second topology on P. Clearly P is Type-2 connected in 
(X,7). Let 


Q = (({a/0.3,b/0.4}, {a/0.4, b/0.5}), ({a/0.4, b/0.3}, {a/0.5, b/0.4})), 
R = (({a/0.4,b/0.3}, {a/0.5, b/0.4}), ({a/0.3, b/0.4}, {a/0.4, b/0.5})), 
T = QUR= (({a/0.4,b/0.4}, {a/0.5, b/0.5}), ({a/0.3, b/0.3}, {a/0.4, b/0.4})), 
S = QNR= (({a/0.3, b/0.3}, {a/0.4, b/0.4}), ({a/0.4, b/0.4}, {a/0.5, b/0.5})). 


Clearly u = {0*,1*, Q,R.T, S} forms a topology of IF RSs in Y = (Y,,Yy). Now 
f(P) = (({a/0.4, b/0.4}, {a/0.5, b/0.5}), ({a/0.3, b/0.3}, {a/0.4, b/0.4})) = T. 
Therefore 


f(P)N(f(P))’ = ({a/0.3, b/0.3}, {a/0.4, b/0.4}), ({a/0.4, b/0.4}, {a/0.5, 6/0.5})) = S, 








Q = f(P)N(F(P)Y UQ) 

= (({a/0.3,b/0.4}, {a/0.4, b/0.5}), ({a/0.4, b/0.3}, {a/0.5, b/0.4})), 
R= FeO) us 

= (({a/0.A,b/0.3}, {a/0.5, b/0.4}), ({a/0.3, b/0.4}, {a/0.4, b/0.5})), 
r= sPyoGePy uUn=7P). 
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Since T' = f(P), 5 = f(P)N((f(P)) US) = F(P) NO (f(P)Y, since § = f(P) N(F(P)Y' 
F(PIN(F(P)Y 0") = FP) NFP), FP) (FP) U1") = FP). Thus uz = {0*, f(P) 
(P))', f(P), Q, R} forms a second topology on f(P). Clearly f(P) = QUR, where f(P) 
(P) <Q, Rc f(P), Q, RA f(P) and Q, RF f(P)N(F(P)y’. Also ee f(P) 
(P))'. Therefore f(P ) can not be Type- 2 connected in . @), Since f-*(0*) = 0", F y= 
, f3(Q) =, f(R)=R, f(T) =T, f-(S) = S, it follows that f : (X,r) > eo is 
I PR continuous and hence f : (P,72) > (f(P), ua) is I FR, continuous. Thus I FR, continuous 
image of a Type-2 connected JF'RS need not be Type-2 connected JF' RS. 

Definition 3.6. Let f : (V,B) — (Vi, 61) be a mapping and P € Cx. Then f is said to 
satisfy disjoint condition with respect to P, if VQ¢€Cx, PNQC POP’ => f(P)Nf(Q) Cc 
FCP) ON (F(P)Y. 

Theorem 3.2. If P € Cx and f : (V,B) — (Vi, 81) be a mapping and is one-one, then 
F(P) = (F(P)Y. 

The proof is straightforward. 


2) 2 is 


Remark 3.1. The converse of the theorem 3.2 is not true. This can be shown by the 
following Example. 

Example 3.2. Let V = {a,y}, X, = Xv = V, X = (X1,Xv); Vi = {a}, Yr = 
Yu = Vi, Y = (¥t,Yv). Let f : V — V, be defined by f(x) = f(y) = a. Let P = 
(({2/0.4, y/0.4}, {x/0.4, y/0.4}), ({x/0.4, y/0.4}, {x/0.4, y/0.4})). Clearly P € Cx and f(P’) = 
(f(P))’, but f is not one-one. 

Theorem 3.3. If P € Cx and f : (V,B) — (Vi,B1) be a mapping and is one-one, then f 
satisfies disjoint condition with respect to P. 

Proof. Let f : (V,B) — (Vi,B1) be one-one and P € Cx. Then VQ € Cx, PNQC 
POP’ => f(PNQ) Cc f(PNP’) = f(P)NF(Q) Cc f(P)N f(P’), since f is one-one. > 
F(P)NF(Q) Cc f(P)N(F(P))’, since f is one-one, f(P’) = (f(P))’. Thus f satisfies disjoint 
condition with respect to P. 

But the converse of the above theorem is not true, which can be shown by the following 
Example. 

Example 3.3. Let V = {z,y}, Xp, = Xu = V, X = (X1,Xv), Vi = {a}, Yr = 
Yup = Vi, Y = (¥1,Yv). Let f : V — V, be defined by f(x) = f(y) = a. Let P = 
(({x/0.4,y/0.4}, {x/0.4, y/0.4}), ({x/0.4, y/0.4}, {x/0.4,y/0.4})). Then POP’ =P. f(P)= 
(({a/0.4}, {a/0.4}), ({a/0.4}, {a/0.4})). Therefore f(P) (f(P))’ = f(P). ie f(P)N 
f(Q) c f(P) = F(P) ON (F(P))’, VQ € Cx. Thus VQ € Cx, PNQC PNP’ => f(P)NF(Q) Cc 
f(P)N(f(P))’. Thus f satisfies disjoint condition with respect to P. Clearly f is not one-one. 
Thus f satisfies disjoint condition with respect to P, but f is not one-one. 

Theorem 3.4. If P is Type-2 connected in (X,7) and f : (P,72) — (f(P), ue) is IF Re 
continuous satisfying disjoint condition with respect to P, then f(P) is Type-2 connected in 
(¥,u), 

Proof. Let P be Type-2 connected in (X,7) and f : (P,tT2) — (f(P),u2) be IF R2 
continuous satisfying disjoint condition with respect to P. If possible, let f(P) be not Type-2 
connected in (Y,u). Therefore f(P) = Qi U Qe for some Qi, Qo € ua, where Qi N Qe C 
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f(P)O(F(P)) and Qi, Q2 2 f(P)N(F(P)Y. 
P = PNf"(f(P)) 

PN f-*(Q1 UQz) 
PO (f-*(Q1) U f*(Qz)) 

= (POF (Qi) UPN F*(Q2)) 
(PN (P'U f-*(Q1))) U (PA (PU f-*(Q2))) 

Cc P. 

Therefore P = (PN (P’U f71(Qi))) U (PN (P'U f-1(Q2))) = Pi U Pp (say), where 


Py =PN CPI a). P2= PN (P’U f-1(Q2)) € 79, since f : (P, T2) = (f(P), u2) is TF Re 
continuous. 




















POP, = PO(P'U f-4(Qi)) 9 (PU f-*(Q2)) 
= PN(P'U(f-*(Q1) 9 f7*(Q2))) 
= PN(PU(f(Q1N Q2))) 
Cc PN(PUCF (FP) (F(P)Y))) 
= PO(PUC(F (FP) 9 (FAP) 
= (POP)U(PA((FAF(P))) OF F(P)))) 
= (PNP)U(PN(F(F(P)))) 
= PO(PU(f (F(P))Y) 


Therefore P} MP2 C PP’. We claim that P,, Pz 2 PP’. If possible, let P) = 
POP". Therefore PN (P’uU f-1(Q1)) C POP’, ie, (POP) U(PN f-1(Q1)) C PNP’. 
Therefore PM f—1(Qi1) C PMP’. Therefore f(P)M f(f~1(Qi)) c f(P)N (f(P))’, since f 
satisfies disjoint condition with respect to P. Therefore f(P)NQ.1 Cc f(P)N(f(P))’ and hence 
Qi Cc f(P)N(f(P))’, since Qi C f(P). But this contradicts the fact that Q1 2 f(P)N(f(P))’. 
Thus P; 2 PP’. Similarly we can prove that P, 2 PP’. Thus P can be expressed as 
the union of two nonempty disjoint open sets in (P,72), which contradicts that P is Type-2 
connected in (X,7). Hence f(P) is Type-2 connected in (Y,u). 
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Abstract In this work, we define the concept of forward and backward contractions. Then, 
we prove the Banach's contraction principle in asymmetric metric spaces. Also, we prove a 
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81. Introduction 


Asymmetric metric spaces are defined as metric spaces, but without the requirement that 
the (asymmetric) metric d has to satisfy d(x, y) = d(y, x). 

In the realms of applied mathematics and materials science we find many recent applica- 
tions of asymmetric metric spaces, for example, in rate-independent models for plasticity 4, 
shape-memory alloys 1, and models for material failure @). 

There are other applications of asymmetric metrics both in pure and applied mathematics; 
for example, asymmetric metric spaces have recently been studied with questions of existence 


4] in mind. The study of asymmetric metrics 


and uniqueness of Hamilton-Jacobi equations 
apparently goes back to Wilson ©!. Following his terminology, asymmetric metrics are often 
called quasi-metrics. 

Author in [6] has completely discussed on asymmetric metric spaces. Also, In [7], Amin- 
pour, Khorshidvandpour and Mousavi have proved some useful results in asymmetric metric 
spaces. In this work we prove some theorems in asymmetric metric spaces. We start with some 
elementary definitions from [6]. 

Definition 1.1. A function d: X x X — R is an asymmetric metric and (X,d) is an 
asymmetric metric space if 

(i) For every x,y € X, d(x, y) > 0 and d(x, y) = 0 holds if and only if x = y, 

(ii) For every x,y,z € X, we have d(z,z) < d(a,y) +d(y,z). Henceforth, (X,d) shall be 


an asymmetric metric space. 





1 Corresponding author 
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Example 1.1. Let a > 0. Then d: R x R — R2° defined by 


r-Y, TZY; 
d(x,y) = 
a(y—x), y>. 
is obviously an asymmetric metric. 
Definition 1.2. The forward topology 7* induced by d is the topology generated by the 
forward open balls 


Bti(z,e)={yeX: d(x,y)<e} force xX , e>0. 


Likewise, the backward topology 7~ induced by d is the topology generated by the backward 
open balls 
B(a,e)={yEeXx: dy,z)<c} forte X , e>0. 


Definition 1.3. A sequence {2;},en forward converges to 29 € X, respectively backward 
converges to zp € X if and only if 
lim d(#o,2,~) = 0, respectively, lim d(x,, 70) = 0. 
k—oo k—o0o 
Then we write x, 4, Xo, Lk eh Xo respectively. 
Example 1.2. Let (R,d) be an asymmetric space, where d is as in example 1.1. It is easy 


to show that the sequence {++} _. (a € X) is both forward and backward converges to 2. 


Definition 1.4. Suppose (X, aa (Y, dy) are asymmetric metric spaces. Let f : X — 
Y be a function. We say f is forward continuous at « € X, respectively backward continuous, 
if, for every ¢ > 0, there exists 6 > 0 such that y € Bt(zx,65) implies f(y) € Bt(f(z),¢), 
respectively f(y) € B- (f(z), ¢). 

However, note that uniform forward continuity and uniform backward continuity are the 
same. 

Definition 1.5. A set S C X is forward compact if every open cover of S in the forward 
topology has a finite subcover. We say that S$ is forward relatively compact if S is forward 
compact, where S$ denotes the closure in the forward topology. We say 9 is forward sequentially 
compact if every sequence has a forward convergent subsequence with limit in S. Finally, S c X 
is forward complete if every forward Cauchy sequence is forward convergent. 

Note that there is a corresponding backward definition in each case, which is obtained by 
replacing forward with backward in each definition. 

Lemma 1.1.!°! Let d : X x X — R2° be an asymmetric metric. If (X,d) is forward 
sequentially compact and x, ae xo then x, 4 Xo. 

Lemma 1.2. Let (x,) be a backward Cauchy sequence in X. If (a) has a backward 
convergent subsequence, then (x,,) converges to the limit of it’s subsequence. 


As symmetric case. 


§2. Banach’s contraction principle 


In this section we prove Banach, s contraction principle in the sense of asymmetric metric 
spaces. First of all, we have the following definition. Throughout this section (X,d) denotes an 
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asymmetric metric space, unless the contrary is specified. 
Definition 2.1. A mapping T : X — X is said forward (backward) contraction when 
there exists 0 < a < 1 such that 


d(Tx,Ty) < ad(x,y)(d(Tx,Ty) < ad(y,«)), 


for each x,y € X. 
Example 2.1. Let X = R > 0 be a nonempty set. Consider the map d: X x X —~R>0 
defined by 


Y-@, Y2R; 
d(z,y)=4 | 
a(@—Y), @>y. 
It is easy to show that (X,d) is an asymmetric metric space. Consider T : X — X by 
Tx = $a. Clearly, T is a forward contraction, whereas it is not backward. For this, let @ be an 
arbitrary with 0 <a <1. Set x = 27? and y = 27°. Then we have 


1 —a —2a 1 7a 4a 
d{Tx, Ty) = 5(2-* - 2-9), d(y,2) = 52% - 2-9), 


Since 0< a <1, d(Tz,Ty) > ad(y,x). Therefore, T is not a backward contraction. 

Next, we prove asymmetric version of Banach’s contraction principle. 

Theorem 2.1. Let (X,d) be a forward complete space. Let T.: X — X be a forward 
contraction. Also, suppose that forward convergence implies backward convergence in X. Then 
T has an unique fixed point. 

Proof. Choose x9 € X and construct the sequence (z,,) as follow: 


2 nm 
t,%1 = Tx, 02 = Tx, = T°%0,+++ kn = T"2X0,°°- 
Since T is a forward contraction we have 


A(@m,tm+1) = UTtm—1,TLm) < ad(€&m—1,Um) = ad(Ttm~2, T&m—-1) 
< a d(%m-_2; Lin) 


<-+++< a™d(xo, 21). 


If n > m, then 


d(am, Ln) < dtm, Lm-+41) ar U(tm41; Lm-+2) ie d(tn-1, Ln) 


<(a™ + atta a”—1)d(ao, #1) 


m 





a = a” qQ'™ 
= ———- d(x, #1) < ——d(x0, 21). 

l-a l-a 

If m is sufficiently large, then the right side of the last inequality approaches to zero, since 
0<a< 1. Hence (z,) is a forward Cauchy sequence in X. Since X is forward complete, so 


J ‘ b 
In > x EX asn— oo. By assumption x, — x. Therefore we have 


d(x,Tx) < d(x, 2) + d(tn,Tx) < d(x, 2p) + ad(an_1,2). 
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Now, the right side of last inequality approaches to zero as n — oo. Hence d(x, Tx) = 0 which 
means Tx = x. Now, let y € X be another fixed point of T, ie., Ty = y. Then 


d(a,y) = d(T x, Ty) < ad(z,y). 


Since 0 < a < 1, so d(x, y) = 0 which implies x = y. 

The following theorem is an another version of Banach’s contraction principle. 

Theorem 2.2. Let (X,d) be a forward sequentially compact space and T : X — X 
backward contraction. Then T has an unique fixed point. 

Proof. Choose 29 € X and construct the sequence (z,,) as the proof of theorem 2.1. Then 
(an) is a backward Cauchy sequence in X. Since X is backward sequentially compact, so (2,) 
has a backward convergent subsequence, say (an, ), Which 2p, Le xeEXask—o. So, tn S x 


by lemma 1.2, also by lemma 1.1, xp, a xz. Now 
d(x,Tx) < d(z,x,)+d(tp,,Tx) < d(x,x,) + ad(xy_1, 2). 


The right side of last inequality approaches to zero as n — oo. Hence d(z,Tx) = 0 which 
implies Tx = x. Now, Let y € X be another fixed point of T, i.e., Ty = y. Then 


d(a,y) = d(Tx,Ty) < ad(a,y). 


Since 0 < a < 1, so d(x, y) = 0 which implies x = y. 

Lemma 2.1. Any forward (backward) contraction is forward (backward) continuous. The 
proof is clear. 

Authors in [8] have completely discussed on the fixed point of a nondecreasing continuous 
mappings on a partially ordered cone metric spaces. We wish to study the fixed points of 


nondecreasing contraction on a partially ordered asymmetric metric spaces. 





Theorem 2.3. Let (X,C) be a partially ordered set and there exists a metric d on X 
such that (X,d) to be a backward complete asymmetric metric space. Consider T : X — X as 








a forward contraction and nondecreasing w.r.t. EC. If there exists x9 € X with xp E Tx then 
T has a fixed point. 
Proof. If T(ao) = xo, then there is nothing for proof. Now, let T(2o) 4 xo. Since 





tp LC Txo, we can obtain the following sequence by induction 








ap © T(x) E T?(xo) © T? (20) 














ET (go) ET aa). (1) 














Also, we have 
d(I"** (xo), T"(x0)) < a"d(T(20), 20). (2) 
For all n EN, since T is a forward contraction. By (1) and (2) we have 


ar (ao), eta) — d(T(I"** (xo), T(T" (xo)) 
< ad(T"t' (x9), T"(x0)) 


< a”**d(f(20), 20). 
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Now, let m > n. Then 


d(T™ (xo), T"(xo)) < d(T™ (ao), T”*(xo)) ++» + d(T"** (xo), T”(zo)) 
<(a™ 1b +a"? +--+ a")d(T (x0), 20) 
a” —a™ a” 

= Tog UP (20), 20) Ss Tog UE (#0); 20). 
Now, if n is sufficiently large, then we deduce {T(x )} is a backward cauchy sequence in X. 
Since X is backward complete, so there exists y € X such that T" (zo) an yas n-— oo. Finally, 
we prove that y is a fixed point of T. Fixed « > 0. T is forward continuous by lemma 2.1. 
Hence there exists 6 > 0 so that d(y,x) < 6 implies d(T(y),T(a)) < §. Set y := min {§, 6}. 
Then there exists N € N such that 


d(T" xo, y) <7, for alln > N. 
Now, we have 
A(Ty,y) < (Py, T(T%(a9)) + d(L™*(a%0),9) < E+ Se. 


Since € was arbitrary, so d(Ty, y) = 0 which implies Ty = y. 

Remark 2.1. Taslim "!, introduced the concept of denseness in asymmetric metric spaces. 
In particular, she proved that if X is forward and backward compact and Y C X both of 
backward and forward in X, then t+ = r~. Therefore, in the case, all of results in the 


literature go to symmetric case. 
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81. Introduction and preliminaries 


In literature the importance and applications of means and its inequality to science and 
technology is explored by eminent researchers see [3]. In [20-28], we studied some results on 
contra harmonic mean. In [11,41], authors studied the different properties of the so-called 
Stolarsky (extended) two parameter mean values, is defined as follows: 





eee, rs(s—r) £0; 
exp (+ + tect th) ; r=s#0; 
1 
Easley) (tks) 2 r=0,8 £0; (1) 
Vab, r=s=0; 
a, a=b>0. 


Some of the classical two parameter means are special cases. 
Here we recall some of the known means which are essential for the paper, the arithmetic 
mean in weighted form, 
Ap,q(a,b) = pa + qb = A(a, b; p,q); 


such that a,b > 0 and p+q=1, where p and q are the weights. 
The Stolarsky means 5,,,(a, 6) are C™ function on the domain (p, q,a,6), p, gE R, a, b> 0. 
Obviously, Stolarsky means S,.,(a,b) are symmetric with respect to a, b and p, q. Most of the 


classical two variable means are special cases of Sp.q(a,b), Stolarsky mean. For example: 
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a+b 








FE, 2(a, b) = a is the Arithmetic mean; 
Eo,0(a, b) = E_1,-1 (a,b) = Vab, is the Geometric mean; 
2ab 
E_,~-2(a,b) = —_, is the Harmonic mean; 
, a+b 
a—b : : : 
Eo,1(a, b) = ———_,, is the Logarithmic mean; 
; Ina — Inb 
1 fa*\2% : : 
E,,1(a,b) = - 7 ; is the Identric mean; 
e 
r b” 4 
E,,2r(a, b) = (2 ~ ) : is the r*” Power mean. 


The basic properties of Stolarsky means, as well as their comparison theorems, log-convexities, 
and inequalities are studied in papers [4,9,13,16,17,19,22,23,30-35,44,49,50,51,52,55]. 

In recent years, the Schur convexity and Schur geometrically convexity of S,,,(a,b) have 
attracted the attention of a considerable number of mathematicians /:618-3638.40]/ Qj 7] first 
proved that the Stolarsky means S,,,(a,b) are Schur convex on (—oo,0] x (—oo, 0] and Schur 
concave on [0, 00) x [0, 00) with respect to (p,q) for fixed a,b > 0 with a 4 b. Yang °*) improved 
Qi’s result and proved that Stolarsky means S,.,(a,b) are Schur convex with respect to (p,q) 
for fixed a,b > 0 with a ¥ b if and only if p+q <0 and Schur concave if and only if p+q> 0. 

Qi 8° tried to obtain the Schur convexity of S,.q(a,b) with respect to (a,b) for fixed (p,q) 
and declared an incorrect conclusion. Shi 4°! observed that the above conclusion is wrong 
and obtained a sufficient condition for the Schur convexity of S,.q(a,b) with respect to (a, 6). 
Chu and Zhang |! improved Shi’s results and gave an necessary and sufficient condition. This 
perfectly solved the Schur convexity of Stolarsky means with respect to (a, b). 

For the Schur geometrically convexity, Chu and Zhang ©! proved that Stolarsky means 
Sp.q(a,b) are Schur geometrically convex with respect to (a,b) € (0,00) x (0,00) ifp+q>0 


[18] also investigated the Schur geometrically 


and Schur geometrically concave if p+q <0. Li 
convexity of generalized exponent mean I,(a, 0). 
The purpose of this paper is to investigate another type of Schur convexity that is the Schur 
harmonic convexity of Stolarsky means S).q(a,b), of which the idea is to find the necessary 
conditions from lemma 2, and then prove these conditions are sufficient. 
In [3], the weighted contra harmonic mean is defined on the basis of proportions by, 


a2 ae qb? 
Co,q(@, b) = . = Cla, b; p, q); 
pa+ qb 





such that a, b > 0 and p+q=1, where p and gq are the weights. 

This work motivates us to introduce a new family of Stolarsky’s extended type mean values 
in weighted forms in two and n variables. 

For two variables a, b > 0, p, q € Rand p, q are the weights, such that p+ q = 1, then 
consider a new mean in the following form: 


r? C(a*, b°; p,q) — A(a*, b°; p,q) = 
s? C(a”, 6"; p,q) — A(a™, b"; p,q) 





N,,s(a, b; p,q) = 
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which is equivalently, 


Np.3(a,b; p,q) = r? ( pa” + qb" \ (pa?s + qb’s — (pa® + qb*)? \] 7" 
r,s\@, 9, P, 4 s2 \ pas + qb® par + qb?r — (pa" + gb")? ’ 




















which is equivalently, 


sate 
r? (pa +qb"\ (a*—b*\"|"" 
N,,s(a, bs p, q) = E (= aie, ) (= _ =) ‘ 


In [50], the authors introduced the homogeneous function with two parameters r and s by, 
aul, 
Hero) 
flavor)? 


and studied its monotonicity and deduces some inequalities involving means, where f is a 








PO Cree | 


homogeneous function for a and b. 
In particular, f = A, is the arithmetic mean of a and b. 








Joe 
es] ; rts: 
as bs 
Ha(a,b; s,r) = Gaip(a, b) = arth bart , r=s#£0; ‘5 
Vab, pea 
" a=b>0. 


Here, G4.s(a, 6) = Z,(a, b) = Zs (a?, bP) = Z,. Z(a,b) = aa bz is named power-exponential 
mean between two positive numbers a and b. 
In weighted form, 


1 





eS os r# 8; 
_— pas _gb? 
EL Ae beagh Gs Bs 3,7) = GA(a,bsp,q),s (4s b) = apar+ab* brat +abe r=s#0; (3) 
aP bt, pm 
% a=b>0. 


In [42], author introduced and studied the various properties and log-convexity results of 
the class W of weighted two parameter means is given by 














1 
2 Tr bo” Pspaqs sr 
[a (maa rs(s—r)(a—b) #0: 
2]3 
m4 gb" —aP ht 
aoe (# a ) | ) s(a — b) # O,r = 0; 
W,..3(a, b; p,q) = ‘ ae pas 4 
PD Y cop (a2 + menatabink tpnesenber i) paseo 
gieth/aplath)/3 a#zb,r=s=0; 
a, a=b>0. 


The above definitions leads to express the mean values N,..(a, b; p,q) in the following form: 


1 1 2 
pa’ + qb" | *-* r (a® — B®) \ s-* 
Nr,s 10; , 7! Ilse crec a ope ae. LEY. ’ 
cee fora (8 
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which is equivalently 


f(a®, b®; p,q) 
ir 0.4) 





1) 
Neetu | | B?, (a,.), 


or 
N,.s(a, b; p, q) — Hpcatana aa, b; 5S, r)Ez (a, b). (5) 


Here f = A(a,b; p,q) is arithmetic mean in weighted form. 
The various properties and identities concerning to N,.,(a,6;p,q) are also listed. The 
laborious calculations gives the following different cases of the mean value N,.,.(a, b; p,q). 








eal 
r2 ( pa’ +qb" a®—b* al iced b , 
s2 \ pas+qbs a™—br ’ rs(s ~~ r) (a ~~ ) # 0; 








i, 
> 7 a®_b*\2] 5 
5, 7 eee (ahr) (SS) ; s(a—b) £0,r =0; 
N,,s(a, +P; q) — exp (= pa"ina-+gb"ind ue 22"Ina—}*Inb ) r=s.s aa 0: (6) 
S pa>-+-qb® a*—bs , , ’ 
ai—Ppl-4, a#b,r=s=0; 
a, a=b > 0. 


§2. Definition and properties 


Schur convexity was introduced by Schur in 1923 24], and it has many important applica- 
tions in analytic inequalities :!2:54], linear regression |48], graphs and matrices '!, combinatorial 
optimization !5], information theoretic topics 1, Gamma functions ?°!, stochastic orderings 
39] reliability 4], and other related fields. Recently, Anderson |] discussed an attractive class 
of inequalities, which arise from the notation of harmonic convexity. For convenience of readers, 
we recall some definitions as follows. 

We recall the definitions which are essential to develop this paper. 

Definition 2.1.2449 Let 2 = (a1,22,---,¢n) and y= (y1,y2,::: ,Yn) € R, 


1. x is majorized by y, (in symbol a ~ y). If 2a tr < . yp and Sy) 2p S iL ap 
where x11) > +++ => %mj and yy) = +++ = Ym are rearrangements of x and y in descending 
order. 


2.2>ymeans x; > y; for all i= 1,2,--- ,n. Let Q € R"(n > 2). The function p:Q—- R 
is said to be decreasing if and only if —y is increasing. 


3. Q C R” is called a convex set if (av, + By1,-++ ,@%n + Syn) for every x and y € 2 where 
a, 6 € [0,1] witha+6=1. 


4. Let Q C R” the function gy: Q — R be said to be a schur convex function on 2 if « < y 
on Q implies v(x) < y(y). ¢ is said to be a schur concave function on Q if and only if 


—y is schur convex. 
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Definition 2.2.05] Let 2 = (a1,22,--- ,@n) and y= (y1,y2,-°* Yn) € RY, QC R” is 
called Harmonically convex set if (x%yf, vee eye Q for all e and y € Q, where a, 8 € [0,1] 
witha+6=1. 

Let 2 C R%, the function py: Q — R, is said to be schur Harmonically convex function 
on Q, if (Inay,-++ ,lnn) ~ (Iny,-++ ,lnyn) on Q implies v(x) < y(y). Then ¢ is said to be a 
schur Harmonically concave function on Q if and only if —y is schur Harmonically convex. 

Definition 2.3.2446 Let Q C R” is called symmetric set if « € Q implies Px € Q for 
every n X n permutation matrix P, the function gy: Q — R is called symmetric if for every 
permutation matrix P, y(Px) = (2) for all x € Q. 

Definition 2.4.2446 Let Q C R”", yp: Q — Ris called symmetric and convex function. 
Then ¢ is schur convex on 2. 

Lemma 2.1.5] Let 2 C R” be symmetric with non empty interior Harmonically convex 
set and let y : Q — R, be continuous on 2 and differentiable in 0°. If y is symmetric on Q 


and 
Op Op 
(21 —22)(tig- — 25) 2 0(< 0), (7) 
holds for any « = (#1,22,--: ,2n) € 2°, then y is a schur-Harmonically convex (Schur- 


Harmonically concave function. 
Lemma 2.2.!9] Let a < b, u(t) =ta+(1—t)b, v(t) =tb+(1—t)a, 
O<t <te <3, then 


$3 St <th <1, 





< (u(ta), o(t2)) < (u(ti), o(41))- (8) 


§3. Main results 


In this section, we shall prove some the lemmas required for proving main theorem. 

Lemma 3.1. Stolarsky’s extended family type means N,4(a,b;r, 5) are schur-Harmonic 
convex or Schur-Harmonic concave with respect to (a,b) € (0, 00) x (0, 00) if and only if g(t) > 0 
or g(t) < 0 for all t > 0, where 

g(t) = gral) 














(p—q) sinh At{cosh(p+q)t+3 cosh(p— ai} —(p sinh Bid sinh Ct) {3 cosh(p+q)t+cosh(p—q)t} pq(p _ q) ¥ 0; 
 2qt cosh(2at1)t— cosh t(4 sinh 2qgt—6qt) p=0,q40; 
_ J [ 2pt soah(2pt1)t—vogh #(4-sink 2pt—6pt) p£#0,q=0; 
| (3+-cosh 2qt) saa aL cosh t-+sinh t)(1+3 cosh 2qt) p=q<0; 
far? sinh ¢] , p=q#0, 





(9) 


and 


A=p+q+l, B=p-qt+l1, C=p-q-1, D=pt+q, E=p-g. (10) 
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Proof. Let Stolarsky’s extended family type mean N = N,,4(a,b; r,s) defined for pq(p — 


q) #0 as ; 
2 P+ spp Pp _ pp\2] Poa 
-_ . _ qd Ta Ss a 
i i E (= + +) (<—*) | . (11) 


Let r=s= 5, take log on both sides and differentiate partially with respect to a and multiply 




















by a?, gives 
,ON _ ON gait part ai part gattt (12) 
= Oa p—qiat+bY aP+oP aP — bP ad — ba 
Similarly, 
ppeON _ Nabe pith pert gh (13) 
da p—qlai+b% aP+bP ' ap —bp at — b9|’ 
then, 
OG OG (a—b)N 
b 2 b2 a A 14 
(a0) (@E eB) =X a, (14) 
where, 





8 [alata rt) plat — rt) party ott) g(attl + br) 
= ad + ba aP + bP aP — bP ad — bd 


Substituting In \/a/b = t and using sinh a = 3 (e” — e~*), cosha = 3 (e* + e~”), we have 





ss PC sinh(p + 1)t 7 cosh(pot 1) : coh): . 
cosh qt cosh pt sinh pt sinh qt 


Using the product into sum formula for hyperbolic functions leads to: For pq(p — q) 4 0 





~ t 15 
a ae Ob 2 sinh pt sinh gt cosh pt cosh qt [9p,q(t)] , (15) 


(a (ae ve) (pq) N(a — b)Vab 


where, 





(p — q) sinh At{cosh(p + qg)t + 3 cosh(p — ve 
pap — @) 


inalt) =| 





ie sinh Bt + qsinh Ct) {3 cosh(p + q)t + cosh(p — a 
pa(p — q) , 


In case of p # q = 0. Since Np € C™, we have 

















ONpo _ ,._ ON, ONpyo _ ,. 

| Pq P, =] Pq 
Oa 320 Oa , Ob qo b : 
ONp,p _ 1. ONp,p ONpp _ 1. ONpq 
ia. en as a oe 
ANoo 4, 2Npa ONoo _ y,, ONva 











da p0 Oa ” ab po Ob’ 
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Thus 
ON, ON, ON, ON, 
2 p,0 2 pO \ _ 4; 2 p,0 2 p,0 
“ (a a Te) = tim [co (a Ba )| 
q—0 \ 2sinh pt sinh qt cosh pt cosh qt 7”? 2tsinh ptcosh pt “~” iti 


Likewise for q 4 p= 0, 


ON ON ON ON 
2 0,9 2 0.9 : 2 0,4 2 0,9 
(a b) (« b db ) _ pa Ce b) (« b b )| 
































p—0 \ 2sinh pt sinh qt cosh pt cosh qt Ip. 2t sinh qt cosh qt Da): 
For g=p #0, 
ON, ON, ON, ON, 
29Npgq  ,29Npg\ _ ): 29Np.p — »2°Np,p 
eae) (« da? Ob ) = Bm Ce °) (« ar )| 
ap \ 2sinh? pt cosh? pt ~~?” 2 sinh pt cosh pt ses 
For qg=p=0, 
ON ON ON, ON, 
2 0,0 2 0,0 \ _ }: 2 PsP 2 PsP 
ey) (« er): ) = him, Ce ®) (« og. Ob )| 





[g0,0(t)] . 


p—0 \ 2sinh? pt cosh? pt 2¢ 


pq) Np,p(a — b)Vab No,o(a — b)Vab 
= lim (| ) ppl ) [9p.p(t)] = 0 o( ) 
By summarizing all cases above yield 


(pa) N (ab) Vab ‘ 
SRE a ee cosh qt [9p.4 (t)] ’ pq(p a q) al 0; 











No,q(a—b)Vab ; 
oN .on\ | aeanttatconn ge [oa] p= 0,040; 
Np,o(a—b)Vab = 
(ab) (at BE — BSE) = 9 Qiao OF ig, (0, p#0,q=0; (17) 
2) Ny.q(a—b) Vab _ : 
_ vp a [9p,p(2)] ’ p=4q # 0; 


Nat YEN cee p=q#0. 





Since (a—b) (a? oe. b? uk ) is symmetric with respect to a and 6, without loss of generality 


we assume a > b, then t = Inv/a/b > 0. It is easy to verify that Ne-PVa 5 9, pe _, 
aaa > 0, if pq # 0 for t > 0. Thus by lemma 2 Stolarsky means S,q(a,b) are Schur 
harmonic convex (Schur harmonic concave) with respect to (a,b) € (0,00) x (0,00), if and 
only if (a — b) (a? 2% — b? SY) (>)(<)0, if and only if g(t) = gp,q(t)(=)(<)O0 for all t > 0. This 
completes the proof of lemma 3.1. 

Lemma 3.2. The function g(t) = gp,q(t) defined by (3.1) and g(t) = 29p.g(t) both are 


symmetric with respect to p and q, and both continuous with respect to p and gon Rx R. 
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Proof. It is easy to check that g,q(t) and Se) are symmetric with respect to p and q, 
then Ogp.q(t) _ O9a.p(t) 
Ot a. Oot * 


By lemma 3.1, we note that g(t) = gp,q(t) is continuous with respect to p and q on Rx R. 


Finally, we prove that g’(t) = 29p,9(¢) 


is also continuous with respect to p and gon Rx R. 
A simple calculations yield, 


Case i: For pq(p — q) £0, 


14) = Ode.alt) _ (P— Q)Acosh At{eosh(p + g)t + 3cosh(p — 94} 
a pq(p — 4) 








(p — q) sinh At{(p + q) sinh(p + q)t + 3(p — q) sinh(p — q)t} 
pq(p — q) 





(pB cosh Bt + qC cosh Ct){3 cosh(p + q)t + cosh(p — q)t} 
pqa(p — 4) 





—(psinh Bt + qsinh Ct){3(p + q) sinh(p + q)t + (p — q) sinh(p — q)t} 
pq(p — 4) 





Case ii: For q=0,p £0, 


gis Paral = 2pcosh(1 + 2p)t + 2pt(l + 2) sinh(2p + 1)t — 6pcosht 
—p 





6pt sinh t — 2(2p + 1) cosh(2p + 1)t — (2p — 1) cosh(2p — 1)t 
—p? ; 





Case iii: For p= 0,q 4 0, 


g(t) = “salt _ 2qcosh(1 + 2q)t + 2g¢(1 + 2a) sinh(2q + 1)t — 6gcosht 
y —p 





6qt sinh t — 2(2q + 1) cosh(2q + 1)t — (2¢ — 1) cosh(2q — 1)t 
—p? 





Case iv: For p= q 40, 


_ OGp,q(t) _ (1 + 2q)(3 + cosh 2qt) cosh(2q + 1)t — 6q(sinh 2qt)(2qt cosh t + sinh t) 


ot q 





g(t) 





(1 + 3 cosh 2qt)((1 + 2¢) cosh t + 2qt sinh t) + 2q(sinh 2qt) sinh(2g + 1)t 
va 
Case v: For p= q=0, 


t 
of (t) = Seal) — 402 cost + Stsinh t 
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It is obvious that 2Gp.g(4) is continuous with respect to p and q on R x R, again in view of 
hin O9p,q(t) _ O9p,0(t) . hi O9p,q(t) _ 090,q(t) . 
q-0 = Ot oe * p—0 Ot Ot” 








O9p,q(t) -_ O9p,p(t) . OGp,p(t) _ Ag0,0(t) 


li = li = 
ap Ot Ot °° po oat at 


These arguments leads that the above five cases are continuous for all values of p and gq. 
This completes the proof of lemma 3.2. 

Lemma 3.3. lims—o,:50 t-39(t) = =4(p + q — 3). 

Proof. 

It is easy to check that first and second derivatives of g(t) = 0, at t = 0. In the case of 
pq(p — gq) #0. Applying L-Hospital’s rule (three times) yields 


Jp.q(t) _ jini Gpqlt) _ .. . Ip,qt) 





im —— = = 
t30, t>0 —t3 t0, t>0 3t? t0, t>0 6 3 ( 


Similarly, for p= 0, q 40, 


























7 Wr 
. 9o,q(t) _ . 90,q(t) eee . 90.q(t) _ -4 : 
pe Bo a 302 ee, 6 ~— 3 (q—3); 
for g=0, p40, 
. pot) Int) Ip olt) | —4 
oh ae ee ae oa ae ie 
for p= q #0, 
: Ip.p(t) li Ip p(t) ii Ip.p(t) =a 
= Beaty es = 2 
1. @ ee Se 2 
for p=q=0, 
go,o(t) _ i Got) ki 9o,0(t) Fi 
t-0,t>0 ¢3  +t40,t>0 312  — t50,t>0 6 , 


This completes the proof. 

The proof of our main result stated below follows from the above lemmas: 

Theorem 3.1. For fixed (p,q) € Rx R, 

(1) Stolarsky’s extended family type mean means N,. (a, b; p,q) are Schur harmonic convex 
with respect to (a,b) ifp+q—3> 0. 

(2) Stolarsky’s extended family type mean means N,.,,(a, b; p,q) are Schur harmonic concave 
ifp+q—3<0. 
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Abstract In this paper, we present a generalized criterion for starlike univalent functions. 


We show that our result unifies some known results of starlike functions. 


Using the dual 


concept of differential subordination and superordination, we find some sandwich-type results 


regarding starlike univalent functions. Mathematica 7.0 is used to plot the images of the unit 


disk under certain functions. 


Keywords differential subordination, differential superordination, starlike function. 


81. Introduction 


Let # be the class of functions analytic in the open unit disk 














i = {z: |z| < 1} and for 


a € C (complex plane) and n € N (set of natural numbers), let H[a,n] be the subclass of H 


consisting of functions of the form f(z) = @+4@n2" +@n412"t1 +-°-. 
? and normalized by the conditions f(0) = f’(0)-—1=0. Let S denote 
the class of all analytic univalent functions f defined in the unit disk 


functions f, analytic in 














by the conditions f(0) = f’(0) -1=0. 
A function f € A is said to be starlike in the open unit disk 



































Let A be the class of 


“ which are normalized 











“if it is univalent in E and 





f(E) is a starlike domain. Denote by S*(a), the class of starlike functions of order a which is 





analytically defined as follows: 

















S*(a) = {fear (ZO) >a,z€ 


where a (0 < a < 1) is a real number. Write S* = S*(0), the class of univalent starlike w.r.t. 


the origin. 


If f is analytic and g is analytic univalent in the open unit disk 


subordinate to g in 











{and write as f(z) < g(z) if f(0) = g(0) and f( 





i, we say that f is 























1) C gf 


’). To derive certain 


sandwich-type results, we use the dual concept of differential subordination and superordination. 


Let ® : C? x 


















































’ — C be an analytic function, p be an analytic function in E such that 





(p(z), zp'(z); z) € C? x E for all z € E and h be univalent in E. Then the function p is said to 











satisfy first order differential subordination if 


®(p(z), zp'(z); 2) < h(z), ®(p(0),0; 0) = h(0). 


(1) 


Vol. 9 Differential sandwich-type results for starlike functions 31 





A univalent function gq is called a dominant of the differential subordination (1) if p(0) = q(0) 
and p(z) < q(z) for all p satisfying (1). A dominant ¢ that satisfies g < q for all dominants gq of 
(1), is said to be the best dominant of (1). 


Let VU: C? x E> C be analytic and univalent in domain C? x E, h be analytic in E, p be 
y 










































































analytic univalent in E, with (p(z), zp’(z); z) € C? x E for all z € E. Then p is called a solution 
of the first order differential superordination if 


h(z) < U(p(z), zp'(z); 2), h(0) = U(p(0), 0; 0). (2) 


An analytic function g is called a subordinant of the differential superordination (2), if q(z) < 
p(z) for all p satisfying (2). A univalent subordinant q that satisfies q ~ q for all subordinants 
q of (2), is said to be the best subordinant of (2). 

7 " 
21°) ona 1.4 28°) 
f(z) f(z) 


functions. Several new classes have been introduced and studied by various researchers by 








The expressions play an important role in the theory of univalent 
combining these expressions in different manners. For example, in 1976, Lewandowski et al. [2] 
proved the following result. 

Theorem 1.1. If f € A satisfies 


* [rey (Sry +2) >o 28 

















then f € S*. 

In 2002, Li and Owa [3] generalized and improved the above result by proving the next 
two results. 

Theorem 1.2. If f € A satisfies 


WFO (RG > vee 


for some a(a > 0), then f € S*. 
Theorem 1.3. If f € A satisfies 


H [28 (Re) ]>-a-oi ven 


for some a(0 < a < 2), then f € S*(a/2). 
Ravichandran et al. !"] improved the above results further and gave the following result. 
Theorem 1.4. If f € A satisfies 


[Fey eres tH]? 2°(9- 2) + (0-5) 728 
for some a(0 < a, 8 < 1), then f € S*(8). 


The main objective of this paper is to generalize and improve the results of above nature 


















































and obtain certain sandwich-type results for starlike functions. Mathematica 7.0 is used to plot 











the images of the open unit disk E under certain functions. 
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§2. Preliminaries 


We shall use the following definition and lemmas to prove our main results. 
Definition 2.1.((5], p.21, definition 2.2b) We denote by Q the set of functions p that are 
analytic and injective on E \ B(p), where 




















lim 


Bip) = {CeaB: | 1 we) = oo}. 





























and are such that p’(¢) £0 for ¢ € OE \ B(p). 

Lemma 2.1.([5], p.132, theorem 3.4 h) Let g be univalent in E and let 6 and ¢ be analytic 
in a domain D containing q(E), with ¢(w) 4 0, when w € q(E). Set Qi(z) = zq'(z)dlq(z)], 
h(z) = 6[¢(z)| + Q(z) and suppose that one of the following conditions satisfies: 





















































1. h is convex, 


2. Q, is starlike. 


In addition, assume that R 3° > 0, 2 € E. If pis analytic in E, with p(0) = q(0), p(E) C 


















































and 





A[p(z)] + 2p'(2) olp(2)] < Ola(2)] + 24'(2)ola(2)], 


then p(z) ~ q(z) and q is the best dominant. 




















Lemma 2.2.!"] Let q be univalent in E and let @ and ¢ be analytic in a domain D containing 
q(E). Set Qi(z) = zq'(z)¢l¢(z)], h(z) = O[a(z)] + Qi(z) and suppose that Q, is starlike in E 
and R S42) > 0, 2 EE. If p € H[q(0), 1] NQ, with p(E) C D and 6[p(z)] + zp"(z)¢I[p(2)] is 
univalent in E and 










































































S 


q(2)| + 2q'(z)6la(2)] < Olp(2)] + 2p"(z)o[p(2)), 


then q(z) < p(z) and q is the best subordinant. 


§3. Main results 


In what follows, the value of any complex power taken is the principal one. 











Theorem 3.1. Let g, q(z) #0, be a univalent function in E such that 


L. e(1 COND 9 70) >0, 


















































q'(2) q(2) 
zq' (2) zq' (2) (1 a)y , 
2. KR (1 baie wa (y-1) a) + (y+ 1a(z) + oa) > 0 for allz EE 
If fe A, oe #0, z €E, satisfies the differential subordination 
an) |" ga az’ (z)q?*(z) taq™* (z —a)q'(z 
(FO) 4 @) <anQrt@+art@+a-o7, — ) 


2f"(z) 
f(z) 





where a, 7 are complex numbers with a ¥ 0, then ~< q(z) and q is the best dominant. 
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ee zf'(z) fos 
Proof. On writing p(z) = F(z)” the subordination (3) becomes: 
z 


azp'(z)p?*(z) + ap?t*(z) + (1 — a)p7(z) ~ azq'(z)q7* (z) + ag? *(z) + (1 — a7 (z). 
Define the functions @ and @ as under: 


6(w) = aw?*! 4 (1—a)w? and ¢(w) = aw". 














Obviously, the functions @ and ¢ are analytic in domain D = C \ {0} and ¢(w) 4 0, w € D. 


Setting the functions Q; and h as follows: 
Qi(z) = 2q'(z)o(a(z)) = azq'(z)q7*(z), 


and 
h(z) = 0(4(z)) + Qu(z) = azq'(z)q?*(z) + ag? **(z) + (1— a)q7(z). 


A little calculation yields 





























2Q) (z) 4 zq’'(z) -( yaa) 
Qi(z) q'(z) q(2) 
and 
zh'(2) zq''(2) 2q(2) ee o)i 
=] 1 +1 
aw" en q(z) ene 
In view of the given conditions 1 and 2, we have that Q, is starlike in E and & — 
1 











0, z € E. Thus conditions 2 of lemma 2.1, is satisfied. In view of (4), we have 





A[p(2)] + zp'(z)¢lp(2)] < Ala(z)] + 20'(2)ola(2)]- 


Therefore, the proof follows from lemma 2.1. 





Theorem 3.2. Let g, qg(z) #0, be a univalent function in 








“ such that 








zq"'(z) 
1. R (1+ re + (4 


12) $0, 


q(z) 


















































_ 
2. r (6 - Valz) + £ 1) > 0 for all z CE 
/ / 
It fed, a “ € H[q(0), 1] Q with ve 40, z€E, satisfies the differential superordina- 
tion 
! y " 
acd (oe) + aga) +0 aye) = (FEO) (1405) <n, ©) 
f(z) F(z) 
er — zf"(z) 
where a, y are complex numbers with a 4 0 and h is univalent in E, then q(z) ~ F(z) and 
z 
q is the best subordinant. 
/ 
Proof. Setting p(z) = oe the superordination (5) becomes: 
z 
azq'(z)q~*(z) + ag?**(z) + (1 — a)a7(z) = azp'(z)p*(z) + ap’ (z) + (1 — a)p7(z). (6) 
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By defining the functions 6, ¢ and Q, same as in case of theorem 3.1 and observing that 
4'(q(z)) (l-a)y 
a + 1)q(z)4 : 
Haley) VMI 
The use of lemma 2.2 along with (6) completes the proof on the same lines as in case of theorem 


3.1. 
On combining theorem 3.1 and theorem 3.2, we obtain the following sandwich-type theo- 








rem. 


Theorem 3.3. Suppose a, y are complex numbers with a #4 O and suppose that 




















m,92 (qi(z) # 0,qa(z) # 0, z € E) are univalent functions in E such that q satisfies the 








conditions 1 and 2 of theorem 3.2 and q2 follows the conditions 1 and 2 of theorem 3.1. If 
bf qd d wil 
f(2) ‘ f(2) 


condition 


azdi(z)ql (2) + ag} *"(z) + (1— a)ai (2) < h() = (Fe) (: “ “Fe ) 


X a2q3(z)q3~* (2) + ag3**(z) + (1 — a) (2), 

















#0, z €E, satisfies the differential sandwich-type 














2f'(z) 
f(z) 


the best subordinant and the best dominant. 














where h is univalent in E, then qi(z) < ~< qo(z). Moreover q, and q2 are, respectively, 





84. Deductions 


14+ (1-2 
If we consider the dominant q(z) = —— 0 <A <1, a little calculation yields 
—2Zz 
that this dominant satisfies the conditions of theorem 3.1 in following particular cases. Select 


y = 1 in theorem 3.1, we get the following result. 
zf"(z) 
f(z) 


Corollary 4.1. Suppose that a (0 < @ <1) is a real number and if f € A, 





#Oin 











i, satisfies 


zf'(z) Zt @) 2a(1—A)z ' 14+ (1-2A)z A git = 2Arjz 
jo ao) aay Pee) 











oo zfi(z) 14(1—2d)z 


for ie Oe ee eet 





Note that the above corollary gives the result of Kwon [ for a = 1. 

Example 4.1. We compare the result of above corollary with the result of Ravichandran 
et al. !] by considering the following particular cases. We see that the above corollary extends 
the result of Ravichandran et al. !!, stated in theorem 1.4. Write a = 1 /2, @ =0 in theorem 
1.4, we obtain: 

If f € A satisfies 




















WAP (AB) o-h eee f 
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then f € S*. 
For a = 1/2, \ = 0 in above corollary, we get: 


If fe A, ve #0 in E, satisfies 























zf'(z) Lzf"(z) 1+2z2 _ 
wey (14a py) ¢ Gaae  FO 
then f € S*. 

The image of the open unit disk E under F' (given by (8)) is the shaded region in Figure 
LG) (, 4 Le 
F(z) 2 f(z) 


in entire shaded region in Figure 4.1 to ensure the starlikeness of f whereas from (7), we see 
LO) (14 Le 
f(z) 2 #() 


right to the vertical dashing line at R(w) = —7 Therefore, the result in (8) is an improvement 

















4.1. Therefore, in view of (8), the differential operator ) takes the values 














that f is starlike in E, when the operator 





) takes values in the portion 


over the result given in (7). 














Figure 4.1 


On writing y = —1 in theorem 3.1, we get: 
Corollary 4.2. Let a@ be a real number such that a € (—oo,0) U [1,co) and let f € 


“@) 29 in Be cat 
A, 72) #0 1, satisfy 

















Ltacf"a/fe) |, d-al-2) , _2a(l- 22 
zf'(z)/f(z) 1+(1-2dA)z (1+ (1—2A)z)2’ 








then ; 
zf'(z) 3 1+(1-2A)z 


f(z) l-z ? 





be. FESO), UZA< 1. 


Taking y = 0 in theorem 3.1, we obtain: 


/ 
Corollary 4.3. If f € A, ae #0 in E, satisfies 
z 

















262) ogy A+ (= 202) , 


2a(1 — A)z 
“Fa 1-2 


(1—z)(1+ (1—2,)z)’ 





1+ 
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where a is a non-zero complex number. Then 


zf'(z) 14+(1-2dA)z 
f(z) * l-z : 





ie. fES*(A), O<A<1. 
For a= 1, \ = 1/2 in above corollary, we find below the result justifying the well-known 
result Marx |! and Strohhdcker !! that K Cc S*(1/2). 
/ 
Corollary 4.4. If f € A, a # 0 in E, satisfies 
Zz 














eT) ee 
FG) T=? 





the 
: zf'(z) 1 
~< gro 
fe) “1-2 
: 1+ az ; . 
When we consider the dominant q(z) = , —~1l<a<1,a little calculation yields 




















that it satisfies the conditions of theorem 3.1 in following special cases and consequently we 
obtain the next results. Setting y = 1 in theorem 3.1, we have the following result. 


zf'(z) 
f(z) 





Corollary 4.5. Suppose that a (0 < a < 1) is a real number and if f € A, # Qin 














1, satisfies 








9 


zf'(z) 1407 2 a(1 + a)z 4 ta@e\7 Hd ga 
F(z) f'(2) (le)? l-z 1—z 
the 
. zf'(z) ltaz ‘ 
< er ve 
f(z) 1-2 

Writing y = —1 in theorem 3.1, we have the following result. 

Corollary 4.6. Let a be a real number such that a € (—oo,0) U [1,co) and let f € 





l<a<l. 
































A, ae +0 in E, satisfy 
L+aef"(@Q/M@) , , A-a)(l-2) , ali ta) 
zf'(z)/f(z) l+az (1+az)?’ 
then 





/ 
PNA) 39 POEs : 
f(z) 1-2 
Setting y = 0 in theorem 3.1, we get: 








l<a<l. 





























/ 
Corollary 4.7. Suppose that a is a non-zero complex number and if f € A, re #0 

z 

in E, satisfies 

zf"(z) a(1 + az) a(l+a)z 
1 1 , 
FOR "O° “Ta * Gad az) 
the 
. zf'(z) 1l+az : 








l<a<l. 








f@) or Pes ta Ly 


Note that for a = 1, the above three corollaries reduce to the results of Singh and Gupta. §! 
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§5. Sandwich-type results 


In this section, we apply theorem 3.3 to find certain sandwich-type results which give the 
zf"(z) 
f(z) 


and the dominant g2(z) = 1+ bz, 0 < a < b, in theorem 3.3, we deduce, below, some criteria 


best subordinant and the best dominant for 





. By selecting the subordinant q,(z) = 1+az 


for starlike functions. Keeping y = 1 in theorem 3.3, we obtain: 
Corollary 5.1. Suppose a, a, 6 are real numbers such that O<a<1,0<a<b< 1. If 


/ / 
f € Ais such that oe € H[1, 1) NQ, with ae # 0 and satisfies the condition 
z 




















1+ (1+ 2a)az + aa?z? < re (1 ae) ~1+(1+2a)bz+ab?2?, zeE 




















where ve (1 0) is univalent in E, then 
1+ az ~ oe ~<1+bz. 


Example 5.1. For a = 1,a = 1/10,b = 9/10 and f same as in above corollary, we obtain: 














' " 
14 a2 mm 4 ve (1 Fo) 214 af mG (9) 
then ; ef) ‘ 
1+ 77 F(z) <14 10%" (10) 
We show the above results pictorially. In view of (9) and (10), when the operator ae (: + fae ) 
takes values in the light shaded portion of Figure 5.1, then ana takes values in the light shaded 











portion of Figure 5.2 and hence /f is starlike in E 











Figure 5.1 
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Figure 5.2 


Writing y = —1 in theorem 3.3, we obtain: 





















































Corollary 5.2. Let a, a, b be real numbers such that a € (—00,0)U(1,00), O0< a<b<1. 
zf'(z) ap 2d (2) L+oazf"(z)/f') 
If f € Ais such that € H{1, 1] AQ, with 0 and is univalent 
Cais fle) * =F@)/F(2) 

in E. Then 

_l-a | aaz 2 l+azf"(z)/f'(z) _i-a@ , abz cE 

'T+az° (1+az)? zf'(z)/f(z) ' T+bz © +62)?’ 7 
implies 

/ 
1+az X 2f (2) <~1l+6z, zEE 
f(z) 


Writing y = 0 in theorem 3.3, we get: 


Corollary 5.3. Suppose a is a non-zero complex number and a, b are real numbers such 









































/ / Wy 
io eeehei tre Amuse H[1,1]N@, with i Deana feo (2) 
f(z) F(z) F(z) 
is univalent in E. Then 
aaz ZF" (2) abz 
1 —— <1 1l+abz4 ; E, 
ONES aa TO eA ~ abz ings z 
implies 
/ 
fegpet 2) 2p rhe» ‘. 
f(z) 


Example 5.2. For a= 1,a = 1/4,b = 3/4 and f same as in above corollary, we obtain: 


1 Zz zf"(z) 3 3z 
14 <14 <14 ; 11 
4°" 442 f'(2) 4°" 4432 os 





then 
1 3 
1+ 52% one R14. (12) 
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; zf'(z) ( FO) 
In view of (11) and (12), we see that whenever the operator 14 takes 
years erator “Fey (I+ Fe) 
zf"(z) 


takes values in the light shaded 





values in the light shaded portion of Figure 5.3, then 


f(z) 


portion of Figure 5.4 and hence f is starlike in E. 




















Figure 5.4 
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Abstract In this paper, the conditions for the converegence of the matrices RCI RC; (d) and 
RCIRC,,(g) were established. 


Keywords Convergent matrix, right circulant matrix, spectral norm. 


81. Introduction 


= 


In [1] and [2] the followings were established about the spectral norm of RCI RC,,(d) and 
RCIRC,(9): 





1. || RCIRC,,(d)||2 = maz {|na | natn) |, ae}, 





> a(1—r” r™—1 
2. ||RCIRCq (9) lo = mas {| an sates}. 




















where 
a a+d at+2d --- a+(n—2)d a+(n-—1)d 
a+(n—1)d ad a+d +--+» a+(n-—3)d a+(n—2)d 
- a+(n—2)d a+(n—1)d a + a+(n—4)d a+(n-—3)d 
RCIRC,,(d) = , 
a+ 2d a+ 3d a+4d .--- a a+d 
a+d a+ 2d a+3d --- a+(n—1)d a 
a ar ar? ++. ar? art 
ar? a are art 3 arn? 
ar?—2 arn Q@oo- art—4— arn—3 
and RCIRC,(9) = 
ar? ar® art... a ar 
ar ar? ar? .- ar? —1 a 


Definition 1.1. A matrix C is said to be convergent if its spectral norm is less than 1, 


that is ||Cll2 <1. 
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§2. Main results 


=> 


Theorem 2.1. RCIRC,,(d) is convergent provided that |2an + nd(n —1)| < 2 or d? < 
2sin?(2) 
n2 


Proof. 
Case 1: || RCIRC,(d)||2 = na + GY] < 1, then, 


|2an + nd(n — 1)| < 2. 


Case 2: ||RCIRC,(d)||2 = rae 





= <1, then, 
2sin?(= 
|nd| < 2sin (*) and d? < a 
n 


n 





r? —2r cos(22™)41 
(r=1)? 





Theorem 2.2. RCIRC,,(g) is convergent provided that a? < ( 
Proof. 
Case 1: ||RCIRC,(9)||2 = |24==2| < 1, then, 


r-1 )2 op 92 
ma) ora’ < 


ES 





1—r” 


fag? 
a?(1—r”)? < (1—r)? and oe </( “) : 


Case 2: || RCIRC,(9)||2 = aa < 1, then, 





r? — 2rcos 22™ 4.1 


n 


G—rn)2 





2 
a2(1—r")? <1? —2rcos—— + 1 and a? < 
n 
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Abstract The main object of present paper is the establishment of two summation formulae 


associated with the contiguous relation and hypergeometric function. 
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81. Introduction 
Generalized Gaussian hypergeometric function of one variable : 


Q1,42,°°° ,G@A 3 co 





AFB z)= 
by, b2,--+ ,bB 5 


or 
J as | | (asa 3 i ; 
iss _ yn (aa))nz 
AFB # |= aAles BO Dae a (2) 
F 2+ (bn) ak 
(be) 3 (05) ja1 3 
where the parameters 61, b2,--- ,bg are neither zero nor negative integers and A, B are non- 


negative integers. 


Contiguous relation: "J 


a, b; a,b—1; a—1,b; 
(a—b) (1—z) 2Fi z| =(c—b) oF z| +(a—c) 2Fy z}. (3) 


C; Cc Cc 


Recurrence relation : 
T(z+1)=2T(z). (4) 


Legendre’s duplication formula : 


Va T(2z) = 2°-) T(z) r(: + a (5) 


44 Salahuddin, R. K. Khola and S. R. Yadav No. 2 




















1 9(b-1) r(2) re) 
ri-|j= = 2 2 
(5) =va —o (6) 
9(a-1) P(@) py att 
D(a) 
In the monograph of Prudnikov et al., a summation formula is given in the form: §) 
aby A r( sth 2 T(ateet 
oF 2 = Vn a 2 2 or Ca) (8) 
cae , 2 T=] (|) T(a)T'(b) 


Now using Legendre’s duplication formula and recurrence relation for Gamma function, 


the above formula can be written in the form 








oe 4). 3) ete er Te Tes) kr 


b p42) 
VT gto, 2) > 10) (3) {T(a)}? ea me 


It is noted that the above formula §I, i.e. equation (8) or (9) is not correct. The correct 
form of equation (8) or (9) is obtained by [2]. 


oF, 





bo 1) Sort re) (eteuay), ore) 
atb-l 2) T(b) yh + | 


, 


Involving the formula obtained by [2], we establish the main formulae. 


§2. Main results of summation formulae 


For all the results a F 8, 


a,b; 1] 2@-Y) p(ote=23)[ 78) 
atb—23, 2) (aby) | T(28) 


? 


Es 





oF 





12 


II {a — (26 — 1)} 
6=1 
4 (—13137458400a° + 1628301884a" — 140529312a® + 8439783a9 — 345840a!° + 9218a1') 
12 
II {a- (26-1)} 
6=1 
re (—144a!? + al? — 3162341432255 + 987903828090a7b — 1002491094240a3b) 
12 
II {a- (26 -1)} 
6=1 
523055123685a*b — 135562896000a°b + 27768329500a°%b — 2975972160a"b + 299768865a°b) 
12 
U {a — (26 —1)} 


- { (316234143225a — 703416314160a? + 590546123298a* — 264300628944a4 + 725782593914a°) 











ft 
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, (140448004 + 71841001 — 12000! + 275a!*b + 7034163141605" — 987903828090ab") 
12 
uf {a—(25—-1)} 





521997079830a°b? — 287175957600a*b? + 104854420780a°b? — 15893250240a°b") 
12 


I {a-@5-} 


6= 


2529523900a7b? — 149067600a8b? + 12283150a°%b? — 242880a1°b? + 10350a''b?) 
12 
U {a — (25 —1)} 


af 





a 








x (—590546123298b3 + ue eee — 521997079830a7b* + 82963937100a*b?) 
ut {a — (26 —1)} 
rn (—25551704640a°b? + BonanineouaNt — 573638400a"b? + 73053750a*b? — 1821600a%b?) 
ut {a — (26 —1)} 





(123970a10b? + 264300628944b* — 523055123685ab* + 287175957600a7b* — 82963937100a%b*) 





I {o- (25 — 1)} 


4841754610a°b* — 785551200a°b* + 167502100a7b* — 5768400a°b* + 600875a%b*) 
12 


IT {a — (26 —1)} 


6= 


__ 725782593910" + 135562896000ab° — 1048544207800 + 2555170464009?) 
12 
I] {a- 26-1} 


a 








, (—4841754610a*b° + 107126180a°b® — 7131840a7b® + 1225785a8b® + 131374584000°) 
: 12 
it {a — (26 — 1)} 





z (—27768329500ab® + 15893250240a2b® — 6975270260a°b® + 785551200a*b® — 107126180a°b°) 
12 
U {a — (26 —1)} 





742900a7b® — 1628301884b" + 2975972160ab" — 2529523900a7b" + 573638400a3b") 


#3 12 
I] {a- 26-1} 





, (-167502100a%b" + 7131840a°b" — 742900a%b" + 140529312b" — 299768865ab*) 
12 
uf {a— (25 -—1)} 





(149067600a7b8 — 73053750438 + 5768400a*b® — 1225785a°b® — 8439783b° + 14044800ab") 


+ 12 
I {a — (25 —1)} 
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_, (1228315006? + 18216004569 — 600875a4b° + 3458406"? — 718410ab1? + 242880075") 
12 
HH {a- (26 -1)} 
6=1 
_, (12397045519 — 921804! + 12000ab!4 — 10350a7b'! + 144b!? — 275ab!? — bi) } 
12 
I {a—(25-1)} 








+ 





r+) { (—483585689160a + 789891354792a? — 460744729944a? + 184587960184a*) 
T a—22 11 
=1 


2 





ie (—36115854800a° + 6465269136a° — 547131312a’ + 50602992a° — 1870440a° + 89672a!°) 
11 
I] {4 - 2¢} 
¢=1 
ce (—1144a1! + 24a! + 483585689160b — 628259352120a7b + 596428543440a3b) 
11 
I] {4 -2¢} 
¢=1 





ai (—195420950000a*b + 56438379200a°b — 6566394800a%b + 920232160a"b — 43386200a5b) 
11 
II {a-2¢} 
¢=1 





3256000a°b — 51480a!°b + 2000a'!b — 789891354792b? + 628259352120ab7) 
11 
II {a-2¢} 
¢=1 





4 


= (—173665216800a°b? + 110863118800a4b? — 20734777840a°b? + 4558206240a°%b7) 
1 
II {a-2¢} 
¢=1 








_, (290628000070? + 32738200a%b? — 657800a°b? + 40480a'%b* + 4607447290445) 
11 
II {a —2¢} 
¢=1 

_, (596428543440ab* + 173665216800a7b* — 15168969200a4b* + 70643966400°b*) 
11 
II {a —2¢} 
¢=1 





és (—704664800a°b? + 122396800a7b? — 3289000a°b? + 303600a°b? — 184587960184b*) 
1 
I] {a-2¢} 
¢=1 





195420950000ab* — 110863118800a7b* + 15168969200a*b* — 461297200a°b*) 
1 
II {a-2¢} 
¢=1 





_ 


(165186000a°%b* — 6817200a"b* + 961400a°b* + 36115854800b° — 56438379200ab") 


1 11 
Hl fe-2 
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20734777840a7b° — 7064396640a3b° + 461297200a4b° — 4160240a%b° + 1188640a"b*) 


ra 1 
HW ia-20) 





£ (—6465269136b° + 6566394800ab®° — 4558206240a7b° + 704664800a%b® — 165186000a4°) 
1 
II {a —2¢} 
¢=1 





; (4160240a°b° + 547131312b" — 920232160ab" + 290628000a7b? — 122396800a%0" ) 
' 11 

II {a-2¢} 

¢=1 





6817200a*b" — 1188640a°b’ — 50602992b° + 43386200ab® — 32738200a7b* + 3289000a7b°) 
1 
I] {a- 2c} 
¢=1 





ml 


(—961400a4b8 + 1870440b° — 3256000ab° + 657800a7b° — 303600a°b® — 89672b'° + 51480ab"°) 





[I {a—2¢} 
¢=1 








(—40480a2b!° + 11446! — 2000ab!! — 24612) 
! - | (11) 
IT {a—2¢} 
¢=1 
: b : 9(b-1) T a+b—24 
oF, a 1 = ( 2 ) 
a+b=24 2 (a — b)T(b) 





3 T(t) (1961990553600a — 4325828198400a? + 3874205859840a? — 1634441932800a*) 
r=) 12 


2 I] {@- @5—1)} 


= 


(512039040000a° — 83602361600a® + 12742301120a" — 946046400a® + 77391600a°) 


7 12 
Ul {a —(26—1)} 





__ (-2574000a" + 1115400" — 1300"? + 25a" — 1961990553600) + 1281593180160ab) 
12 
I] {a- 26-1} 








, (3094576496640a7b — 3825569710080a%b + 2245742361600a*b — 568140505600a°b) 
: 12 
II {a — (26 — 1)} 
5=1 
a (132653041600a°%D — 13220253440a"b + 1600835600a®b — 67152800a9b + 4493060a!°b) 
12 
i {a — (26 — 1)} 





; (—64480a'1b + 2275a'2b + 3044235018240? — 4990865375232ab? + 1232718520320a7b7) 
: 12 
II {a- (25-)} 
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(1115851130880a%6? — 814203974400a4b? + 341856934080a°b? — 51313920000a°b?) 
12 
us {a—(25-1)} 





Zz (9319592640a"b? — 518226800a8b? + 50979500a%b? — 920920a!b? + 50830a!1b?) 
12 
I {a-@6-)} 


6= 


(—1977916981248b? + 3503317499904ab* — 2219737221120a?b? + 272783385600a"b*) 
12 
ut {a—(25-1)} 








136393348800a*b3 — 58313839360a°b? + 18533032000a°b? — 1521532800a7b?) 
12 
U {a — (26 —1)} 


(221648700a%b? — 5262400a°b? + 427570a1°b? + 723975622656b* — 1485650361344ab*) 





. 





a 12 
II {a— (26 —1)} 
6=1 
P (849188691200a7b* — 304571115200a3b4 + 19959363200a4b* + 6518851360a°b*) 





Il {a — (26 —1)} 





4 (—1509922400a°b* + 378005000a7b* — 13066300a5b* + 1562275a9b* — 168244950016b°) 
12 
IT {a — (26 — 1)} 


6= 


317597785600ab° — 259454322880a2b° + 65660179200a%b® — 15636448800a*b") 
12 
IL {a — (26 —1)} 





. 





, (523700800a°b° + 122727080a°b® — 11886400a7b® + 2414425a8b° + 2637697920008) 
Il faba) 
(—56740812736ab® + 32671797760a7b° — 15299636800a7b° + 1786327200a*b°) 
Il fa — (26 —1)} 





(—308714280a°b® + 4160240a%b® + 742900a7b® — 2879374784b" + 5281066752ab’ ) 
' 12 
U {a — (26 — 1)} 





; (—4623802560a2b" + 1051523200a°b" — 329797000a*b’ + 14543360a°b" — 1931540a°b") 
' 12 
iu {a — (26 — 1)} 





(22165228808 — 477823632ab8 + 237437200a2b8 — 120706300a%b8 + 9538100a*B§) 
12 
Tl {a- 26-1} 
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_ (=2187185a°b* — 119914086? + 19974240ab° — 1780350047? + 2631200a*b? — 904475a%b”) 
12 
uf {a—(25-1)} 














Fe (446160b!° — 932932ab'° + 314600a7b'° — 164450a%b'° — 10868"! + 14144ab!") 

12 

II {a - (25-1)} 

6=1 

x (—12350a7b!! + 156b!2 — 299ab!? — 13) } 

12 

I] {a- (26-1} 

6=1 

ch (8) (1961990553600a — 3044235018240a? + 1977916981248a* — 723975622656a*) 
T( a— 24) 


12 

II {a = 20} 

0=1 

@ (168244950016a° — 26376979200a° + 2879374784a" — 221652288a8 + 11991408a?) 
12 

IT {a 20} 

g=1 





4 (—446160a!° + 10868a!! — 156a!? + at? — 1961990553600b — 1281593180160ab) 
12 
II {a - 20} 
g=1 





4990865375232a7b — 3503317499904a?b + 1485650361344a*b — 317597785600a°b) 
12 
{i {a-20} 
Vv=1 





a 


(56740812736a° — 5281066752a"b + 477823632a%b — 19974240a%b + 932932a!°b) 


a 1 
i {a - 20} 





(—14144a" + 299a!7b + 4325828198400b7 — 3094576496640ab? — 1232718520320a7b7) 
' 12 

[I {a—20} 

v=1 





(2219737221120a%b? — 849188691200a*b? + 259454322880a°b? — 32671797760a°b") 
12 
ii {a-20} 
v=1 





4623802560a7b? — 237437200a8b? + 17803500a%b? — 314600a!%b? + 12350a!4b?) 
12 
{I {a-20} 
Vv=1 


fe (—3874205859840b° + 3825569710080ab? — 1115851130880a72b? — 272783385600a°b?) 
12 
II {a - 20} 
=1 





x 








, (304571115200a*b? — 65660179200a°b? + 15299636800a5b? — 1051523200a7b?) 
: 12 


IT {a — 20} 


v= 
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(120706300a8b? — 2631200a°b? + 164450a10b3 + 1634441932800b* — 2245742361600ab*) 
12 
I] {0-20} 
9=1 
814203974400a7b* — 136393348800a3b4 — 19959363200a4b* + 15636448800a°b*) 
12 
I] {0-20} 
9=1 
568140505600ab° — 341856934080a7b° + 58313839360a3b° — 6518851360a*b°) 
12 
II {a- 20} 
9=1 


+ 





. 





Fr 





4 (—523700800a°b° + 308714280a°b® — 14543360a7b® + 2187185a8b® + 836023616000°) 
1; 
ii {a-20} 
V=1 


= (—132653041600ab® + 51313920000a7b® — 18533032000a2b® + 1509922400a*® ) 
12 
ii {0-20} 

V=1 


rs (—122727080a°b® — 4160240a°b® + 1931540a7b® — 127423011200" + 13220253440ab") 
12 
I] {a -29} 
v=1 














; (—9319592640a7b" + 1521532800a3b" — 378005000a*b’ + 11886400a°b” — 742900a°%D") 


12 


pu {a - 20} 


946046400b° — 1600835600ab8 + 518226800a7b° — 221648700a3b® + 13066300a7b8) 


+ iD; 
ii {a-29} 
v=1 








ae (—2414425a°b® — 7739160069 + 67152800ab? — 50979500a2b? + 5262400ab9 — 1562275a*b?) 
12 
II {a 20} 

al 


v= 


(2574000b'° — 4493060ab!° + 920920a7b!9 — 427570a7b! — 11154061! + 64480ab!') 
2 
{I {a—-29} 
V=1 








: (12) 


I fa—20} 


n (—50830a7b!! + 13001? — 2275ab!? — 25018) } 


§3. Derivation of summation formulae 


Derivation of (11): substituting c= “4-3 and z = § in equation (3), we get 


a—b a, b; 1 a—b—23 a,b—1; 1 
( ) oF, = ( ) oF, = 
D) a+b-23, 2 D) atb-23, 2 

2 3 23 
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a—b+23 a Glo A 
+ 2 eet a4e-23, 2]? 
2 ’ 





or 


a, b; 1 a, b— 1; 
(a—b)2F, atb—23. 3 = (a—b—23) oF 
2 


, 


+93) oF a—1,b; 1 
+(a—6+23) 2Fi at+b—-23, 2 
2 


Nl re 


a+b—23., 
2 


, ? 


Now involving (10), we get 








yee T( +23) | (a—b—23)(b—1) (8) f (—316234143225 + 373432860360a) 
— T'(b) (a—b+1) (55%) 7 
a—(26-1 
UH fe-@s-9} 


2 

(129106402182a? — 320632172520a® + 177781840313a4 — 51711155760a° + 9260845396a°) 
’ 12 

i {a— (26 — 1)} 


6= 


4 (—1085127120a" + 84910089a® — 4402200a9 + 145222a!° — 2760a1! + 23a!?) 
12 


IT {a — (26 —1)} 


6= 


703416314160b — 1139061201588ab + 396896330784a7b + 152000003492a3b) 
12 


IT {a — (26 —1)} 


6= 


; (—147359650912a*b + 49578268792a°b — 9037988736a°b + 1074415560a"b — 78535248a%b) 
; 12 


II {a — (26 — 1)} 
5=1 
3929596a°b — 105248a10b + 1748a!1b — 590546123298b? + 1069825103544ab7) 
12 
HH {a (26 -1)} 
b=1 
£: (—576865073266a7b7 + 81954887264a°b2 + 36378600348atb? — 16834239856a°b7) 
12 
II {a— (26-1)} 
5=1 
(3616937772a°b? — 391633696a‘b? + 30456646086? — 1111176a°b? + 31878a!°b?) 
12 
II {a— (26 -1)} 
6=1 
(264300628944b3 — 503451140140ab? + 312991442432a2b> — 79652150448a3b°) 
12 
II {a- (26-1)} 
5=1 
(4715754400a*b? + 2713871384a°b? — 611995776a%b? + 85728912a7b? — 4383984a°b?) 
12 
I {a- (26 -1)} 
b=1 
(211508a°b? — 72578259391b* + 140570255696ab* — 93342239796a2b* + 27793239376a°b*) 
: 12 
i {a — (26 — 1)} 











x 








a 








+ 








+ 
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x (—3690175706a*b* + 70724080a°b* + 70100044a°b* — 6299792a7b* + 572033a8b*) 
12 
uf {a — (26 —1)} 








ry (13137458400b° — 25911980616ab° + 16865721152a7b° — 5516113736a°b° + 842326240a4b° ) 
12 
I] {a- (26 -1)} 
6=1 
= a? bo? + a’ db? — Tr ab” — a 
4 56995288a°b° + 534888a7b°® — 1628301884b° + 3107909616ab® — 2154337780a7b° 
12 
I {a—(25-1)} 





618811872a3b® — 112314244a4b§ + 7488432a°b° — 208012a%b® + 14052931207) 


+ 12 
U {a — (26 —1)} 








% (—275591448ab’ + 160818944a7b’ — 55226864ab’ + 6306784a*b’ — 653752a°b’ — 8439783b°) 
12 
I] {a-(25-1)} 
6=1 
Fs (14821224ab® — 10248018a7b* + 2021976a3b® — 389367a*b® + 345840b° — 655556ab") 
12 
U {a — (25 —1)} 





A 





267168a7b° — 92092ab° — 92186"? + 12760ab'° — 8602a7b'° + 144b!! — 252ab!! — b!”) } 
12 
U {a—(25—1)} 





(a — b— 23) r+) (—497334999735 + 240349776192a + 283337378706a7) 
) 


(@@—b+) (2 nec} 
I (e-29 


7 (—301005003392a? + 120738023135a* — 28127876736a° + 4053197084a° — 397208064a") 
1 
I] {4 2¢} 
¢=1 





24985719a® — 1076416a° + 26290a!° — 384a!! + al? + 1257240832632b — 1100102048556ab) 
1 
II {a-2¢} 
¢=1 





wf 


(8888092648a7b + 296874862508a7b — 147610629200a*b + 35668641544a°b — 5306483504a°b) 
11 
IT {a —2¢} 
é=1 








; (497150104a7b — 31051944a%b + 1180388a°b — 27192a'°b + 252a!b — 1245022762902) 
; 11 
II {a—2¢} 
¢=1 
(1343501390896ab? — 389126369998a2b? — 55506401216a°b? + 62934811220a*b") 
11 
II {a—2¢} 
¢=1 
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£ (—17261090784a°b? + 2644880308a°b? — 240208320a"b? + 14146242a8b? — 457424a°b?) 
11 
II {4 2¢} 
¢=1 





8602a1°b? + 659273219368b? — 778752070180ab? + 316618638112a7b? — 36277638352a%b?) 
1 
IT {a —2¢} 
¢=1 





; (—8824358480a*b? + 4191946696a°b? — 630661472a°b? + 61671280a7b? — 2750616a°b°) 
d 11 

II {@-2¢} 

¢=1 





92092a°b? — 212974169753b* + 263201438400ab* — 119279262332a7b* + 23952997824a%b*) 
1 
II {a-2¢} 
¢=1 





. 


# (—825887174a*b* — 370603968a°b* + 96750052a°b* — 6460608a"b* + 389367a5b*) 
11 
II {@-2¢} 
¢=1 





44829435056b° — 57198911416ab° + 26664410416a7b° — 6095706008a%b° + 634852624a*b") 
1 
I] {a-2¢} 
¢=1 





re 


(7072408a°b° — 4160240a%b° + 653752a7b° — 66097549960° + 8045450784ab°) 


ate 1 
au {a - 2c} 








és (—3994074476a7b° + 873356736a3b° — 108374252a1b® + 4992288a°b° + 208012a°D°) 
11 
I] {4 2¢} 
¢=1 
(644913744b" — 843555912ab” + 353776800a7b" — 90259728a3b" + 8201616a4b” — 534888a°b" ) 
11 
I] {a- 2c} 
¢=1 





+ 


(—48781689b° + 51717248ab® — 26461270a7b® + 3999424a2b8 — 572033a*b8 + 2151512b°) 
: 11 

I] {a—2¢} 

¢=1 





‘i (—2852828ab® + 795432a7b® — 211508a°b® — 84502b'° + 60720ab!° — 31878ab'°) 
11 
II {a-2¢} 
¢=1 














(128801! —1748ap!! — 23b'2) } 9(b—-1) T(2th-28) (a 
il T(b) (a 
II {a 2¢} 
é=1 
x{ (497334999735 — 1257240832632a + 1245022762902a? — 659273219368a°) 
11 
II {¢-2¢} 
¢=1 








54 Salahuddin, R. K. Khola and S. R. Yadav No. 2 





212974169753a4 — 44829435056a° + 6609754996a° — 644913744a’ + 48781689a°) 
1 
II {4 2¢} 
¢=1 


a 








i (—2151512a° + 84502a1 — 1288a! + 23a1? — 240349776192b + 1100102048556ab) 


11 a 
Hfe-25 


it (—1343501390896a2b + 778752070180a%b — 263201438400a*b + 57198911416a°b) 
11 
I] {a-2¢} 
¢=1 





(—8045450784a°%D + 843555912a"b — 51717248a%b + 285282809) — 60720419) + 1748a!b) 
: 11 

II {a—2¢} 

¢=1 





é (—283337378706b? — 8888092648ab? + 389126369998a7b? — 316618638112a?b7) 
1 
I] {4 2¢} 
¢=1 





(119279262332a*b? — 26664410416a°b? + 3994074476a°%b? — 353776800a"b? + 26461270a%b7) 
; 11 

II {a—-2¢} 

¢=1 





(—795432a°b? + 31878a!0b? + 301005003392b? — 296874862508ab? + 55506401216a7b°) 
: 11 

II {2-2¢} 

¢=1 





(36277638352a7b? — 23952997824a*b? + 6095706008a°b? — 873356736a°? + 90259728a"b*) 
11 
II {a@—2¢} 
¢=1 


+ 





2 (—3999424a8b? + 211508a9b? — 120738023135b4 + 147610629200ab* — 62934811220a2b*) 
11 
II {a-2¢} 
¢=1 





; (8824358480a3b4 + 825887174a*b* — 634852624a°b* + 108374252a%b* — 8201616a7b*) 
: 11 

II {a-2¢} 

¢=1 





; (572033a%b+ + 28127876736b° — 35668641544ab° + 17261090784a7b° — 4191946696a°b" ) 
’ 11 

II {a-2¢} 

¢=1 





370603968a*b° — 7072408a°b° — 4992288a%b° + 534888a7b° — 4053197084b°) 


re 11 
Hfe-29) 





(5306483504ab° — 2644880308a7b° + 630661472a3b° — 96750052a7b® + 4160240a°D°) 
1 
II {a-2¢} 
¢=1 


+ 
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re (—208012a%b® + 397208064b’ — 497150104ab’ + 240208320a7b’ — 61671280a%b") 
1 
II {a —2¢} 
¢=1 





; (6460608a4b" — 653752a°b’ — 2498571908 + 31051944ab® — 14146242768 + 2750616a°b®) 
' 11 

II {a—2¢} 

¢=1 





rn (—389367a*b® + 1076416b° — 1180388ab® + 457424a2b9 — 92092ab9 — 26290b!”) 
11 
II {@-2¢} 
¢=1 








(27192ab!° — 8602a7b'° + 38461 — 252abl! — b!?) \ ; (a — b + 23) T(3) 
' 11 " (a—b—1) P(2=23 
=1 





, { (316234143225 — 703416314160a + 590546123298a? — 264300628944a% + 7257825939 1a*) 
12 
I] {a—(26-1)} 
6=1 
4, (-13137458400a° + 1628301884a° — 1405293120" + 8439783a% — 3458404? + 9218a!0) 
12 
U {a—(25-1)} 





4 (—144a"! + al” — 373432860360b + 1139061201588ab — 1069825103544a7b) 
12 


IT {a — (26 —1)} 


6= 


5034511401400 — 140570255696a%b + 259119806160 — 3107909616a%b + 275591448a"b) 
12 
I] {a- 26-1} 





iA 





__ 1482122405» + 655556a% — 1276041 + 2520!" ~ 1291064021820? — 396896330784ab”) 
12 
II {2-(25-1)} 


6=1 


576865073266a7b? — 312991442432a3b? + 93342239796a4b? — 16865721152a°b?) 
12 
it {a — (26 —1)} 





wf 








2 (2154337780a°b? — 160818944a"b? + 10248018a8b? — 267168a°b? + 8602a!°b?) 
12 
I {a-(25-1)} 
6=1 

cs (320632172520b3 — 152000003492ab? — 81954887264a7b? + 79652150448a3b°) 





Il fo G51) 





__ £27793239376a4D* + 5516113736a°b* — 618811872a%b* + 5522686407? — 2021976a%b*) 
12 
Tl {a- 26-1} 
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(92092a°b? — 177781840313b* + 147359650912ab* — 36378600348a2b* — 4715754400a%b*) 
12 
II {a- (26-1)} 
6=1 
_ (3690175706a*b4* — 842326240a°b* + 112314244a°b* — 6306784a7b* + 389367a%b*) 
: 12 
ut {a — (26 —1)} 


+ 











4: (51711155760b° — 49578268792ab° + 16834239856a7b° — 2713871384a3b° — 70724080a‘D° ) 
12 
II {@- (26 -1)} 
6=1 
ab? — arb? + a’ b° — a 
a 56995288a°b° — 7488432a°%b° + 653752a7b° — 9260845396 + 9037988736ab® 





12 


IT {a — (26 —1)} 


6= 
(—3616937772a7b® + 611995776a7b® — 70100044a*b® + 208012a°b® + 10851271200”) 


12 
II {a — (26 — 1)} 
6=1 
m (—1074415560ab" + 391633696a2b" — 85728912a3b" + 6299792a*b* — 534888a°b") 
12 
[I {a (25-1)} 
6=1 
(—84910089b° + 78535248 ab® — 30456646a7b® + 4383984428 — 572033a*b8 + 44022000? ) 
: 12 
II {a — (26 — 1)} 
6=1 
(—3929596ab? + 1111176a7b® — 211508a°b9 — 145222b'0 + 105248ab!0 — 31878a7b'°) 


12 


IT {a — (26 —1)} 


= 


_(2760b!! — 1748ab!! — 23612) } 
T 12 . 
i {a — (26 — 1)} 


On simplification, we get the result (11). By applying same method we can prove the result 
(12). 
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81. Introduction 


Norman Levine introduced generalized closed sets, K. Balachandaran and P. Sundaram 
studied generalized continuous functions and generalized homeomorphism. V. K. Sharma stud- 
ied generalized separation axioms. Following V. K. Sharma we are going to define a new variety 
of generalized axioms called vg-separation axioms and study their basic properties and inter- 
relation with other type of generalized separation axioms. Throughout the paper a space X 
means a topological space (X,7). For any subset A of X its complement, interior, closure, 


vg-interior, vg-closure are denoted respectively by the symbols A°, A°, A, vg(A)° and vg(A). 


§2. Preliminaries 


Definition 2.1. A C X is said to be 

(i) Regular closed 6 [resp: a-closed ?%!; pre-closed 8]; 6-closed [!] if A = A? [resp: 
((A°))° C A; (A?) C A; (A)? C A] and Regular open [4 [resp: a-open 4]; pre-open 2°); 
G-open "l] if A = (A)? [resp: AC ((A9))*; AC (A); AC (A 

(ii) Semi open |) [resp: v-open] if there exists an open [resp: regular open] set U 3 U C 








ACU and semi closed !"4! [resp: v-closed] if its complement if semi open [v-open]. 

ili) g-close resp: rg-close if A C U whenever AC U an is open in X. 

(iii) g-closed ®¢1 [resp: rg-closed [41!] if A C U wh ACU and U is op x 

(iv) sg-closed [118.25] [resp: gs-closed |3?]] if s(A) C U whenever A C U and U is semi- 
open{open} in X. 

(v) pg-closed [resp: gp-closed; gpr-closed 73] if p(A) C U whenever A C U and U is 
pre-open{open; regular-open} in X. 

(vi) ag-closed [resp: ga-closed ?5!; rga-closed [47] if a(A) C U whenever A C U and U is 
{a-open; ra-open} open in X. 

vii) vg-close if v(A) C U whenever AC U an is v-open in X. 

(vii) vg-closed [9 if v(A) CU wh ACU andU p x 
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(viii) clopen [resp: nearly-clopen; v-clopen; semi-clopen; g-clopen; rg-clopen; sg-clopen; 
vg-clopen] if it is both open [resp: regular-open; v-open; semi-open; g-open; rg-open; sg-open; 
vg-open] and closed [resp: regular-closed; v-closed; semi-closed; g-closed; rg-closed; sg-closed; 
vg-closed]. 

Note 2.1. From definition 2.1 we have the following interrelations among the closed sets. 

g-closed # sg-closed 


L { 
rga—closed — rg-closed — vg-closed < gs-closed « (g-closed 
T T T T T 
/ ra—closed — v-closed \, T T 
Regular closed m—closed closed a—closed semi closed — (—closed 
x LN \ 
mg-closed pre-closed — w—closed 4 ga—closed 


va 


rw—closed 





Definition 2.2. A function f: X — Y is said to be [#7] 

(i) v-continuous [resp: vg-continuous; v-irresolute; vg-irresolute] if the inverse image of 
every open [resp: closed; v-open; vg-closed] set is v-open [resp: vg-closed; v-open; vg-closed]. 

(ii) v-open [resp: vg-open] if the image of open set is v-open |resp: 1g-open]. 

(iii) v-homeomorphism [resp: vc-homeomorphism; vg-homeomorphism; vgc-homeomorphism|] 
if f and f~! are bijective v-continuous [v-irresolute; vg-continuous; vg-irresolute]. 

Definition 2.3. X is said to be Ti [resp: rT1,vT1, sT1] if every generalized [resp: regular 
generalzed, v-generalized, semi-generalized] closed set is closed [resp: regular-closed, v-closed, 
semi-closed]. 

Note 2.2. The class of regular open sets, v-open sets, open sets, g-open sets, rg-open 
sets and vg-open sets are denoted by RO(X), vO(X), 7T(X), GO(X), RGO(X) and vGO(X) 
respectively. Clearly RO(X) C r(X) C GO(X) C RGO(X) Cc vGO(X). 

Note 2.3. For any subset A in X, A € vGO(X,x) means A is a vg-neighborhood of z. 

Definition 2.4. X is said to be 

(i) compact [resp: nearly compacat, v-compact, semi-compact, g-compact, rg-compact, sg- 
compact, vg-compact] if every open [resp: regular-open, v-open, semi-open, g-open, rg-open, 
sg-open, vg-open] cover has a finite subcover; 

[35] 





(ii) Ty [resp: rT, VT ©!, sTo, go 8), rgo 4, sgo 84)] space if for each « Ay € X, JU Ee 


7(X) [resp: RO(X); vO(X); SO(X); GO(X); RGO(X); SGO(X)] containing either x or y; 

(iii) T, (resp: rT), vT, ©), sTy, gi 85), rg, 4, sq, 84!) space if for each « 4 y € X, JU,V € 
T(X) [resp: RO(X); vO(X); SO(X); GO(X); RGO(X); SGO(X)] such that « € U—V and 
yEeV—U; 

(iv) Tz [resp: rT2, vT> !51, sT2, go B51, rgo 4, sg. B4l] space if for each a 4 y € X, JU,VE 
7(X) [resp: RO(X); vO(X); SO(X); GO(X); RGO(X); SGO(X)] such that x € U, ye V 
and UNV = 4; 

(v) Co [resp: rCo,vCo ©], sCo,gCo ,rgCo |, sgCo 9] space if for each « # y € 
X, JU € 17(X) [resp: RO(X); vO(X); SO(X); GO(X); RGO(X); SGO(X)] whose closure 
contains either x or y; 

(vi) Cy [resp: rC1, vC1 Gl sCy, gC, [7] rgCy al, sgC 20} space if for each « # y € 





11] 
? 
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X, 4JU,V € 7(X) [resp: RO(X); vO(X); SO(X); GO(X); RGO(X); SGO(X);] such that 
xeEU andyeV; 

(vii) Cz [resp: rC2, vC2 51, sCo, gC M, rgCy U4, sgCz |!) space if for each x # y € 
X, JU,V € 7(X) [resp: RO(X); vO(X); SO(X); GO(X); RGO(X); SGO(X)] such that 
ceU,yEeVandUNV=¢; 

(viii) Do [resp: rDo, vDo ©, sDo, gDo ™, rgDo "4, sgDo |°l] space if for each x # 
y © X, JU € D(X) [resp: RDO(X); vDO(X); SDO(X); GDO(X); RGDO(X); SGDO(X)| 
containing either x or y; 

(ix) D, [resp: rD,, vD, §!, sD,, gD, ™, rgD, "4, sgD, 9] space if for each « # y € 
X, 3U,V €7(X) [resp: RDO(X); vDO(X); SDO(X); GDO(X); RGDO(X); SGDO(X)] 3 
zteEeU-VandyEeV-U; 

(x) Dg [resp: rDz, vDz ©), sD, gD2 “, rgDz ", sgDz |!) space if for each « # y € 
X, JU,V €7(X) [resp: RDO(X); vDO(X); SDO(X); GDO(X); RGDO(X); SGDO(X)] 3 
xteEU-V;yEV-UandUNV=¢; 

(xi) Ro [resp: rRo, vRo 5] sRo, gRo |, rgRy "I, sgRo [10}) space if for each x € 
X, JU € 7(X) [resp: RO(X); vO(X); SO(X); GO(X); RGO(X); SGO(X)|{x} C U [resp: 
r{a} CU; v{a} CU; s{a} CU; g{x} CU; rg{x} CU; sg{x} C U] whenever x € U € 7(X) 
resp: « € U € RGO(X); «EU € VO(X); cE U € SO(X); ce U € GO(X); te Ue 
RGO(X); « € U € SGO(X)); 

(xii) R, fresp: rRy, vR; §!, sR,, gRi ™, rgR, J, sgR, @] space for 2,y € X 3 {x} F 
{y} fresp:3 r{x} Ar{y}; 3 v{a} A vty}: > s{a} A sty}; > ofa} # oly}; 3 ro{a} Argty}s > 
sg{x} # sgty}|V € 7(X) |resp: RO(X); vO(X); SO(X); GO(X); RGO(X); SGO(X)], 
disjoint U;V € r(X) 3 {x} CU [resp: RO(X) 3 r{x} C U; vO(X) 3 v{z} C U; SO(X) 
s{x} CU; GO(X) 3 g{a} CU; RGO(X) 3 rg{x} CU; SGO(X) > sgf{x} CU] and {y} CV 
[resp: r{y} CV; v{y} CV; s{y} CV; ofy} CV; rof{y} CV; so{y} CV]. 

Theorem 2.1. 


(i) If x is a vg-limit point of any A C X, then every vg-neighbourhood of x contains 






































WU wu 


infinitely many distinct points. 

(ii) Let AC Y C X and Y is regularly open subspace of X then A is vg-open in X iff A 
is yg-open in Ty. 

Theorem 2.2. If f is vg-continuous |resp: vg-irresolute{vg-homeomorphism}] and G is 
open [resp: vg-open [vg-closed]] set in Y, then f~1(G) is vg-open [resp: vg-open [vg-closed]] in 
Xx. 

Theorem 2.3. Let Y and {X, : a € I} be topological spaces. Let f : Y ~ IX, bea 
function. If f is vg-continuous, then 7,0 f : Y — Xq is vg-continuous. 

Theorem 2.4. If Y is vT1 and {Xq : a € I} be topological spaces. Let f : Y — IX, be 
a function, then f is vg-continuous iff 7, 0 f : Y — Xq is vg-continuous. 

Corollary 2.1. Let fy : Xq — Yq be a function and let f : IX, — IY, be defined by 
f(ta)aer) = (fa(La))aer- If f is vg-continuous then each fq is vg-continuous. 

Corollary 2.2. For each a, let Xq be vT1 and let fa : Xa — Yo be a function and let 
f : T11X, — IY, be defined by f((ta)aer) = (fa(@a))aer, then f is vg-continuous iff each fa 
is vg-continuous. 
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§3. vg; spaces, 7 = 0, 1,2 


Definition 3.1. X is said to be 

(i) a vgo space if for each pair of distinct points x, y of X, there exists a vg-open set G 
containing either x or y; 

(ii) a vg, space if for each pair of distinct points x, y of X, there exists a vg-open set G 
containing x but not y and a vg-open set H containing y but not 2; 

(iii) a vgo space if for each pair of distinct points x, y of X, there exists disjoint vg-open 
sets G and H such that G containing x but not y and H containing y but not 2. 

rT, > T; > G9 > 74, 
Note 3.1.(i) I I al) I i=0, 1,2. But the converse is not true in general. 
VT; => sT; > sg; > VG, 

(ii) X is vgg > X is vg, > X is vgo. 

Example 3.1. Let X = {a, b, c} and 

(i) r = {¢, {a,c}, X} then X is vg; but not r— Tp and To, i= 0, 1, 2; 

(ii)r = {, {a}, {a,c}, X} then X is not vg; for i= 0, 1, 2. 

Remark 3.1. If X is v — i then v — T; and vg; are one and the same for 1 = 0, 1, 2. 

Proof. Since X is v-T1, every vg-closed set is v-closed and so the proof is straightforward 
from the respective definitions. 

Theorem 3.1. 

(i) Every open subspace [resp: regular open] of vg; space is vg; for i= 0, 1, 2; 

(ii) The product of vg; spaces is again vg; for i= 0, 1, 2. 

Theorem 3.2. 

(i) X is vgo iff Va € X,IU € vGO(X) containing x 5 the subspace U is vgo. 

(ii) X is vgo iff distinct points of X have disjoint vg-closures. 





Theorem 3.3. The followings are equivalent: 

(i) X is vgi, 

(ii) Each one point set is vg-closed, 

(iii) Each subset of X is the intersection of all vg-open sets containing it, 

(iv) For any « € X, the intersection of all vg-open sets containing the point is the set {zx}. 

Theorem 3.4. If X is vg; then distinct points of X have disjoint vg-closures. 

Theorem 3.5. Suppose z is a vg-limit point of a subset of A of a vg, space X. Then 
every neighborhood of x contains infinitely many distinct points of A. 

Theorem 3.6. X is vg iff the intersection of all vg-closed, vg-neighbourhoods of each 
point of the space is reduced to that point. 

Proof. Let X be vgz and x € X, then for each y 4 x in X, JU, V € VGO(X) Save 
U, y€ V and UNV =4@. Since x € U —V, hence X — V is a vg-closed, vg-neighbourhood of x 
to which y does not belong. Consequently, the intersection of all vg-closed, vg-neighbourhoods 





of x is reduced to {x}. 
Conversely let y 4 x in X, then by hypothesis there exists a vg-closed, vg-neighbourhood 
U of x such that y ¢ U. Now JIG € vGO(X) 3 4€GC U. Thus G and X — U are disjoint 


vg-open sets containing « and y respectively. Hence X is vge. 
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Theorem 3.7. If to each point « € X, there exist a vg-closed, vg-open subset of X 
containing x which is also a vg2 subspace of X, then X is vg2. 

Proof. Let x € X, U a vg-closed, vg-open subset of X containing x and which is also a vg2 
subspace of X, then the intersection of all vg-closed, vg-neighbourhoods of x in U is reduced 
to a. U being vg-closed, vg-open, these are vg-closed, vg-neighbourhoods of x in X. Thus the 
intersection of all vg-closed, vg-neighbourhoods of x is reduced to {a}. Hence by theorem 3.6, 
X is vgo. 

Theorem 3.8. If X is vg2, then the diagonal A in X x X is vg-closed. 

Proof. Suppose (z,y) © X x X —A. As (a,y) ¢ A and a # y. Since X is vgo, JU, V € 
vGO(X) > a2€E€U, yeVandUNV=a¢6.UNV=¢5 (UxV)NA = ¢ and therefore 
(Ux V) Cc Xx X—A. Further (x,y) € (U x V) and (U x V) is vg-open in X x X gives 
X x X — A is vg-open. Hence A is vg-closed. 





Corollary 3.1. 

(i) In an Tj [resp: rT1; vT1; sT1; 91; gi; 891] space, each singleton set is 1g-closed; 

(ii) if X is T, [resp: rT1; vT1; sT1; 91; rgi; sgi] then distinct points of X have disjoint 
vg-closures; 

(iii) if X is Ty [resp: rT>; vT2; sT2; g2; rg2; $92] then the diagonal A in X x X is vg-closed. 

Theorem 3.9. In vg2-space, vg-limits of sequences, if exist, are unique. 

Theorem 3.10. In a vg2 space, a point and disjoint vg-compact subspace can be separated 
by disjoint vg-open sets. 

Proof. Let X be avg2 space, x € X and Ca vg-compact subspace of X not containing 2. 
Let y € C' then for « # y in X, there exist disjoint vg-open neighborhoods G, and H,. Allowing 
this for each y in C, we obtain a class {H,} whose union covers C; and since C' is vg-compact, 
some finite subclass, which we denote by {H;,i = 1 to n} covers C.. If G; is yg-neighborhood of 
x corresponding to H;, we put G = Gu G; and H = A H,, satisfying the required properties. 

Theorem 3.11. Every vg-compact subspace of a vgz space is vg-closed. 

Proof. Let C be vg-compact subspace of a vg space. If 2 be any point in CC, by above 
theorem x has a vg-neighborhood G 3 x € GC C°. This shows that C° is the union of vg-open 
sets and therefore C is yg-open. Thus C is vg-closed. 

Corollary 3.2. 

(i) Show that in a T2 [resp: rT); vT2; sT2; g2; Tg2; Sg2| space, a point and disjoint com- 
pact [resp: nearly-compact; v-compact; semi-compact; g-compact; rg-compact; sg-compact] 
subspace can be separated by disjoint vg-open sets; 

(ii) every compact |resp: nearly-compact; v-compact; semi-compact; g-compact; rg-compact; 
sg-compact] subspace of a T> [resp: rT2; vT2; 8T2; go; Tg2; 8g2| space is vg-closed. 

Theorem 3.12. If f is injective, vg-irresolute and Y is vg; then X is vgi,i=0, 1, 2. 

Proof. Obvious from the definitions and so omitted. 

Corollary 3.3. 

(i) If f is injective, yg-continuous and Y is T; then X is vg;, i= 0, 1, 2; 

(ii) if f is injective, r-irresolute [r-continuous] and Y is rT; then X is vg;,i=0, 1, 2; 

(iii) the property of being a space is go is a vg-topological property; 

(iv) let f is a vygc-homeomorphism, then X is vg; if Y is vg;,i=0, 1, 2. 
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Theorem 3.13. Let X be T; and f : X — Y be vg-closed subjection. Then X is vg1. 

Theorem 3.14. Every vg-irresolute map from a vg-compact space into a vgz space is 
vg-closed. 

Proof. Suppose f : X — Y is vg-irresolute where X is vg-compact and Y is vg. Let 
C Cc X be closed, then C C X is vg-closed and hence C' is vg-compact and so f(C) is vg- 
compact. But then f(C) is vg-closed in Y. Hence the image of any vg-closed set in X is 
vg-closed set in Y. Thus f is vg-closed. 

Theorem 3.15. Any vg-irresolute bijection from a vg-compact space onto a vg space is 
a vgc-homeomophism. 

Proof. Let f : X — Y bea vg-irresolute bijection from a vg-compact space onto a vg2 
space. Let G be an vg-open subset of X. Then X — G is vg-closed and hence f(X — G) 
is vg-closed. Since f is bijective f(X — G) = Y — f(G). Therefore f(G) is vg-open in Y. 
This means that f is vg-open. Hence f is bijective vg-irresolute and vg-open. Thus f is 
vgc-homeomorphism. 

Corollary 3.4. Any vg-continuous bijection from a vg-compact space onto a vg space is 
a vg-homeomorphism. 

Theorem 3.16. The followings are equivalent: 

(i) X is vg2; 

(ii) for each pair « 4 y € X, da vg-open, vg-closed set V 3 2 € V andy ¢ V; 

(iii) for each pair « 4 y € X, 4 f : X — [0,1] such that f(z) = 0, f(C) = 1 and f is 
vg-continuous. 

Theorem 3.17. If f : X — Y is vg-irresolute and Y is vga then 

(i) the set A = {(@1, 22): f(v1) = f(a2)} is vg-closed in X x X; 

(ii) G(f), graph of f is vg-closed in X x Y. 

Proof. (i) Let A = {(%1,22) : f(v1) = f(x2)}. If (1,22) © X x X — A, then f(r1) F 
f(z) > A disjoint V,,V2 € vGO(Y) 3 f(a1) € Vi and f(#2) € V2, then by vg-irresoluteness 
of f, f-'(V;) € vGO(X,2;) for each j. Thus (@1,22) € f~'(Vi) x f7'(Va) € vGO(X x X). 
Therefore f~1(Vi) x f~1(V2) C X x X - A= X x X — Ais vg-open. Hence A is vg-closed. 

(ii) Let (a, y) € G(f) >= y & f(x) => J disjoint vg-open sets V and W 3 f(x) € V and 
y EW. Since f is vg-irresolute, JU € vGO(X) 3 a € U and f(U) C W. Therefore we obtain 
(x,y) €UxVCXxY-—G(f). Hence X x Y — G(f) is vg-open. Hence G(f) is vg-closed in 
XxY. 

Theorem 3.18. If f : X — Y is vg-open and the set A = {(21,2%2) : f(a1) = f(#2)} is 
closed in X x X. Then Y is vge. 

Theorem 3.19. Let Y and {Xq : a € I} be topological spaces. If f : Y > IX,q bea 
yg-continuous function and Y is vT1, then IIX,. and each Xq are vgj,i=0, 1, 2. 

















Problem 3.1. If Y be a vgz2 space and A be regular-open subspace of X. If f : (A,t/4) > 
(Y,¢) is vg-irresolute. Does there exist any extension F': (X,T) — (Y,o). 

Theorem 3.20. Let X be an arbitrary space, R an equivalence relation in X and p: X — 
X/R the identification map. If Rc X x X is vg-closed in X x X and p is vg-open map, then 
X/R is go. 

Proof. Let p(x), p(y) be distinct members of X/R. Since x and y are not related, 
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Re vGC(X x X). There are U, V € vGO(X) 3a €U, ye VandUxV Cc R*. Thus 
p(U), p(V) are disjoint and also vg-open in X/R since p is vg-open. 

Theorem 3.21. The following four properties are equivalent: 

(i) X is vg9; 

(ii) let « € X. For each y #2, JU € vGO(X) 324 €U and y ¢ vg(U); 

(iii) for each x € X, N{vg(U)/U € vGO(X) and x € U} = {2}; 

(iv) the diagonal A = {(a,x)/a € X} is vg-closed in X x X. 

Proof. (i)=> (ii). Let « 4 y € X, then there are disjoint vg-open sets U, V € vGO(X) 5 





x€U andy €V. Clearly V° is vg-closed, vg(U) C V°,y ¢ V° and therefore y ¢ vg(U). 


(ii) > (iii). If y A a, then JU € vVGO(X), « € U and y ¢ vg(U). Soy € N{vg(U)/U € 
vGO(X) and a € U}. 
(iii) > (iv). We prove AS is vg-open. Let (a,y) ¢ A. Then y 4 x and M{vg(U)/U € 


vGO(X) and « € U} = {a}, there is some U € vGO(X) with x € U and y ¢ vg(U). Since 





Un (vg(U))* = 6, U x (vg(U))*° is a vg-open set such that (2, y) € U x (vg(U))° CAS. 
(iv) > (i). y # a, then (x,y) ¢ A and thus JU, V € vGO(X) 5 (a#,y) € U x V and 
(Ux V)NA=¢. Clearly, for the U, V € vGO(X) we havex € U, ye V and UNV =¢. 





84. vgg3 and vgg4 spaces 


Definition 4.1. X is said to be 

(i) a vgs space if for every vg-closed sets F and a point x ¢ F, 4 disjoint U,V € vO(X) 3 
FCU, «EV; 

(ii) a vgg3 space if for every vg-closed sets F and a point « ¢ F, J disjoint U, V € 
vGO(X) 3 F CU, rEV; 

(iii) a vga space if for each pair of disjoint vg-closed sets F and H, J disjoint U, V € 
vO(X) SF CU, HCV; 

(iv) a vgga space if for each pair of disjoint vg-closed sets F and H, 4 disjoint U, V € 
vgo(X)3F CU, HCY. 

Note 4.1. 


(i) Every vT3 space is vg3 space but not conversely; 














(ii) every vT, space is vg, space but not conversely; 

(iii) every vg3 space is vgg3 space but not conversely; 

(iv) every vga space is vgg4 space but not conversely. 

Example 4.1. Let Y and Z be disjoint infinite sets and let X = YUZ andr = {¢,Y, Z, X}. 
Clearly X is locally indiscrete and thus every v-closed set is clopen, hence X is v-T3. If 
o4#ACX and « € Y —A then A is vg-closed, but A and x cannot be separated by disjoint 
v-open sets, thus X is not vg3. Similarly X is v-T4, but not vga. 

Example 4.2. Let X = {a,b,c} and 

(i) tT = {¢, {a}, {b}, {a, b}, X} then X is vgg;; vg; and vT; for i= 3, 4; 

(ii) r = {¢, {a}, X} then X is vgg; but not vg; and vT; for i = 3, 4. 

Lemma 4.1. X is vg-regular iff X is v-regular and v — Te, 


64 S. Balasubramanian No. 2 





Proof. X is vg-regular, then obviously X is v-regular. Let A C X be vg-closed. For each 
x €@ A, AV, € vO(X,2) 39V,NA=¢6.If V=U{V, : « ¢ A}, then V is v-open and V = X —A. 
Hence A is v-closed implies X is vy — T1. 

Theorem 4.1. If X is vg3. Then for each x € X andeach U € vO(X,x),4V € vO(X, x) 5 
v(A) CU. 

Proof. Let « € U € vO(X,x). Let B= X —U, then B is v-closed and by vg-regularity 


of X, J disjoint V, W € vO(X) 3 2€V&BCW. Then (VV) NB=$¢3 VV) CX-B. 


Theorem 4.2. The folowings are equivalent: 











(i) X is vgs; 
(ii) Vz € X and VG € vGO(X,2z), JU € vO(X) arE€U CVU) CG; 
(iii) VF € vGC(X), the intersection of all v-closed v-neighbourhoods of F is exactly F; 
(iv) for every set A and B € vGO(X) 3 ANB# ¢, JG € vO(X) 3 ANG F¥ ¢ and 
B; 

(v) for AA ¢ and B € vGC(X) with AN B= 4, J disjoint G, H € vO(X) 3 ACG and 
BCH. 


Theorem 4.3. If X is vgg3. Then for each  € X and each U € vGO(X,x), AV € 


vGO(X,a) 3 vg(A) CU. 
Proof. Let « € U € vO(X, 2x). Let B= X —U, then B is vg-closed and by vg-regularity 


of X, J disjoint V, W €e vGO(X) 3x2 E€V&BCW. Then vg(V)NB=¢> vg(V) CX -B. 
Corollary 4.1. If X is T3 [resp: rT3; vT3; sT3; 93; 7g3; 8g3]. Then for each a € X and 








v(G) 


IN 











each vg-open neighborhood U of « there exists a vg-open neighborhood V of « 3 vg(A) Cc U. 
Theorem 4.4. If f is v-closed, vg-irresolute bijection. Then X is vgg3 iff Y is vggs. 
Proof. Let F be closed set in X and « ¢ F, then f(x) ¢ f(F) and f(F) is vg-closed in 

Y. By vgg3 of Y, AV, W €vGO(Y) 5 f(x) € V and f(F) CW. Hence z € f-1(V) and FC 

f-1(W), where f~!(V) and f~!(W) are disjoint vg-open sets in X (by vg-irresoluteness of f). 

Hence X is vgq3. 





Conversely, X be vgg3 and K any vg-closed in Y with y ¢ K, then f~!(K) is vg-closed in 
X23 f(y) € f71(K). By vggs of X, A disjoint V, W € vGO(X) 5 f-l(y) € V and f-!(K) C 
W. Hence y € f(V) and Kk C f(W) 5 f(V) and f(W) are disjoint vg-open sets in X. Thus Y 
is Vgg3. 

Theorem 4.5. X is vg-normal iff VF € vGC(X) and avg-open set G € vGO(X, A), IV € 
vO(X)SaFCVCWCG. 

Theorem 4.6. X is vg-normal iff V disjoint A, B € vGC(X), J disjoint U, V € 
vGO(X)3s3 ACU and BCY. 


Proof. Necessity: Follows from the fact that every v-open set is vg-open. 











Sufficiency: Let A, B are disjoint vg-closed sets and U, V are disjoint vg-open sets such 
that A C U and B C VY. Since U and V are vg-open sets, A C U and BC VS>AC 
v(U)? and BC v(V)°. Hence v(U)° and v(V)° are disjoint v-open sets satisfying the axiom of 
vg-normality. 

Theorem 4.7. The followings are equivalent: 


(i) X is v-normal, 
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(ii) for any pair of disjoint closed sets A and B, 4 disjoint U, V € vGO(X)and 3 A CU 
and B CV; 

(iii) for every closed set A and an open BD A, JU € vVGO(X) 3 ACU Cv(U) 

(iv) for every closed set A and a vg-open B D> A, JU € VO(X) 3 ACU Cv(U) 

(v) for every vg-closed set A and every open B D> A, JU € VO(X) 3 AC V(A)CUC 











v(U) CB. 

Proof. (i) > (ii). Let A and B be two disjoint closed subsets of X. Since X is v-normal, 
5 disjoint U, V € vO(X) > ACU and B CY. Since v-open sets are vg-open sets, it follows 
that U, Ve vGO(xX)> ACU and BCYV. 

(ii) > (iii). Let A be a closed subset of X and B € 7(X) 3 ACB. Then A and X —B are 
disjoint closed subsets of X. Therefore, 4 disjoint U, V € vGO(X), ACU and X-—BCYV. 


Thus ACU CX -—VCB. Since B is open and X — V is vg-closed, therefore p(X — V) C B. 
Hence ACU Cv(U) CB. 

(iii) > (iv). Let A be a closed subset of X and B € vGO(X) 35 AC B. Since B is vg-open 
and A is closed, therefore A C B®. In view of theorem 2 of Maheswari and Prasad, there exists 


a v-open set U such that A CU C v(U) C B?. 
(iv) > (v). Let A be any vg-closed subset of X and B be an open set such that A C B. 
cS 








ACB=+ACB. By theorem 2 of Maheswari and Prasad, JU € vO(X) 3 ACU C V(U) 
B°. 
(v) = (i). Let A and B be disjoint closed subsets of X. Then A is vg-closed and A C X—B. 





Therefore, JU € vO(X) 3 AC v(A) CU Cv(U) CB. Thus ACU, BC X — V(U), which is 
v-open and UM (X — v(U)) = ¢. Hence X is v-normal. 
Theorem 4.8. The followings are equivalent: 














(i) X is vg-normal; 

(ii) for every A € vGC(X) and every vg-open set containing A, there exists a v-clopen set 
V such that ACV CU. 

Theorem 4.9. Let X be an almost normal space and F'N A = ¢ where F is regularly 
closed and A is vg-closed, then there exists disjoint open sets U and V such that F CU, BC V. 

Theorem 4.10. X is almost normal iff for every disjoint regular closed set F and a closed 
set A, there exists disjoint vg-open sets in X such that F CU, BCY. 

Proof. Necessity: Follows from the fact that every open set is vg-open. 

Sufficiency: Let F, A be disjoint subsets of X such that Fis regular closed and A is closed, 
there exists disjoint vg-open sets in X such that F C U, BC V. Hence F CU°, BC V?®, 
where U° and V° are disjoint open sets. Hence X is almost regular. 

Theorem 4.11. The followings are equivalent: 

(i) X is almost normal; 

(ii) for every regular closed set A and for every vg-open set B containing A, JU € r(X) 3 
AGUEU CE: 

(iii) for every vg-closed set A and for every regular-open set B containing A, JU € r(X) 3 
ACUCUCEB:; 

(iv) for every pair of disjoint regularly closed set A and vg-closed set B, JU, V € 7(X) 3 


UnV=¢. 
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85. vg-R;, spaces 7 = 0, 1 


Definition 5.1. Let « €¢ X. Then 

(i) vg-kernel of x is defined and denoted by Ker,,{x} =N{U :U € vGO(X) and «x € U}; 

(ii) Ker,,F =N{U :U € vGO(X) and Fc U}. 

Lemma 5.1. Let A Cc X, then Ker,,{A} = {x eX: vgf{a} nN AF g}. 

Lemma 5.2. Let « € X. Then y € Ker, {a} iff x € vgf{y}. 

Proof. Suppose that y ¢ Ker,,{x}. Then JV € vGO(X) containing « 3 y ¢ V. 
Therefore we have x ¢ vgfy}. The proof of converse part can be done similarly. 





Lemma 5.3. For any points « # y € X, the followings are equivalent: 

(1) Kery,{x} # Kerrgty}; 

(2) vo{x} #vgtyt- 

Proof. (1) = (2). Let Ker,,{«} # Ker,g{y}, then dz €¢ X 3 z € Ker,,{x} and z ¢ 
Keryg{y}. From z € Ker,g{z} it follows that «Nvg{z} 4 ¢6=> x € vg{z}. By z ¢ Ker, ,{y}, 
we have {y} Nvg{z} = @. Since x € vg{z},vg{x} C vg{z} and {y}nvgf{a} = ¢. Therefore 
vgo{«} # vgfy}. Now Keryg{x} # Keryg{y} =>vg{r}F voty}. _ 

(2) > (1). If vg{x} F vo{y}. Then dz € X 3 z € vg{x} and z ¢ vg{y}. Then da 
vg-open set containing z and therefore containing x but not y, namely, y ¢ Ker, {xz}. Hence 
Ker,g{z} 4 Ker,,{y}. 

Definition 5.2. X is said to be 

(i) vg-Ro iff vg{x} C G whenever x € G € vGO(X), 

(ii) weakly vg-Ro iff Nvg{x} = ¢, 

(iii) vg-R, iff for x, y € X a vg{x} 4 vg{y} A disjoint U,V € vGO(X) 3 vg{x} CU and 
vg{y} CV. 

Example 5.1. 

(i) Let X = {a,b,c,d} and 7 = {¢, {a}, {a, b}, {c, d}, {a, c,d}, X}, then X is weakly vg-Ro 
and vg-R;, i =0, 1; 

(ii) For rt = {¢, {a}, {a,b,c}, X}, then X is not weakly vg-Ro and vg-R;, i= 0, 1. 

Remark 5.1. 

(i) rR; > R; > gR; > rgR; > vg-Ri, i= 0, 1; 

(ii) Every weakly-Rp space is weakly vg-Ro. 





























Lemma 5.1. Every vg-Ro space is weakly vg-Ro. 

Converse of the above lemma is not true in general by the following examples. 

Example 5.2. Let X = {a,b,c} and 7 = {¢, {a}, {a, b}, X}. Clearly, X is weakly vg-Ro, 
since Nvg{x} = ¢. But it is not vg-Ro, for {a} C X is vg-open and vg{a} = {a,c} ¢ {a}. 

Theorem 5.1. Every vg-regular space X is v-Ty and vg-Ro. 

Proof. Let X be vg-regular and let #4 y € X. By lemma 4.1, {x} is either v-open 
or v-closed. If {x} is v-open, {x} is vg-open and hence v-clopen. Thus {x} and X — {a} 
are separating v-open sets. Similar argument, for {x} is v-closed gives {x} and X — {x} are 
separating v-closed sets. Thus X is v-T> and vg-Ro. 

Theorem 5.2. X is vg-Ro iff given « 4 y € X;vg{x} 4 vgfy}. 

Proof. Let X be vg-Rp and let « 4 y € X. Suppose U is a vg-open set containing x but 
not y, then y € vg{y} CX —U and so x ¢ vg{y}. Hence vg{ax} F vgf{y}. 
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Conversely, let x 4 y € X 3 vgf{x} 4 vofy} > vg{a} C X — vg{y} = U(say) a vg-open 
set in X. This is true for every vg{x}. Thus Nvg{x} C U where x € vgf{x} C U € vGO(r), 
which in turn implies Nvg{x} C U where « € U € vGO(X). Hence X is vg-Rp. 

Theorem 5.3. X is weakly vg-Ro iff Ker,,{x} A X for any x € X. 

Proof. Let zo € X 3 ker,g{zo} = X. This means that xp is not contained in any 
proper vg-open subset of X. Thus x9 belongs to the vg-closure of every singleton set. Hence 
ro € nvg{z}, a contradiction. 

Conversely, assume Ker,,{a} # X for any x € X. If there is an ap € X 3 ro € Nvg{ax}}, 
then every vg-open set containing x 9 must contain every point of X. Therefore, the unique 
vg-open set containing xp is X. Hence Ker, {xo} = X, which is a contradiction. Thus X is 
weakly vg-Ro. 

Theorem 5.4. The following statements are equivalent: 

i) X is vg-Ro space; 

ii) for each x € X,vg{a} C Ker,,{z}; 

iii) for any vg-closed set F and a point x ¢ F, JU © vGO(X)axa¢U and F CU; 
iv) each vg-closed set F' can be expressed as F = M{G: G is vg-open and F c G}; 





v) each vg-open set G can be expressed as G = U{A: A is vg-closed and A Cc G}; 
vi) for each vg-closed set F, « ¢ F implies vg{x} NF = ¢. 

Proof. (i) = (ii). For any « € X, we have Ker,,{a} =N{U :U € vGO(X) and x € U}. 
Since X is vg-Ro, each vg-open set containing x contains vg{x}. Hence vg{ax} C Ker,,{z}. 

(ii) > (iii). Let 2 ¢ F € vGC(X). Then for any y € F, vgf{y} C F and so x ¢ vg{y} > 
y ¢ vg{x} that is Uy € vGO(X) > y € Uy and x ¢ Uy, Vy € F. Let U = U{Uy : Uy is vg- 
open,y € U, andx ¢ Uy}. Then U € vGO(X) 3a ¢U and F CU. 

(iii) (iv). Let F € vGC(X) and N = N{G: G € vGO(X) and F c G}. Then 
FCN- (1). Let x ¢ F, then by (iii) IG € vGO(X) 3 4 ¢ Gand F'CG, hence x ¢ N which 
implies « € N > x € F. Hence N C F = (2). 

Therefore from (1) and (2), each vg-closed set F = N{G: G is vg-open and F' c G} 

(iv) = (v). obvious. 

(v) = (vi). Let « ¢ F € vGC(X). Then X — F = G is a vg-open set containing x. Then 
by (v), G can be expressed as the union of vg-closed sets A contained in G, and so there is an 
M €vGC(X) 32 €M CG; and hence vg{x} C G which implies vg{a}N F = ¢. 

(vi) > (i). Let e € GE vGO(X). Then x ¢ (X — G), which is a vg-closed set. Therefore 
by (vi) vg{x} N (X — G) = 4, which implies that vg{x} C G. Thus X is vg-Ro space. 

Theorem 5.5. If f is vg-closed one-one function and if X is weakly vg-Ro, so is Y. 
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Theorem 5.6. If X is weakly vg-Ro, then for every space Y, X x Y is weakly vg-Ro. 

Proof. Nvg{(x,y)} C N{vg{x} x vofy}} = N[vgfa}] x [vgfy}] C Ox Y = ¢. Hence X x Y 
is vg-Ro. 

Corollary 5.1. 

(i) If X and Y are weakly vg-Ro, then X x Y is weakly vg-Ro; 

(ii) if X and Y are (weakly-)Ro, then X x Y is weakly vg-Ro; 

(iii) if Xand Y are vg-Ro, then X x Y is weakly vg-Ro; 

(iv) if X is vg-Ro and Y are weakly Ro, then X x Y is weakly vg-Ro. 
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Theorem 5.7. X is vg-Ro iff for any x, y € X,vg{x} A vg{y} > vo{xe}Nvgt{y} = ¢. 

Proof. Let X is vg-Ro and 2, y € X 3 vg{x} 4 vg{y}. Then Jz € vg{r} > z ¢ 
vo{y}(orz € vgf{y}) > z ¢ vg{a}. There exists V € vGO(X) 3 y ¢ V and z € V, hence 
x €V. Therefore, « ¢ vg{y}. Thus x € [Gy|° € vGO(X), which implies vg{x} Cc [vg{y}]° and 
vg{a} Nvg{y} = ¢. The proof for otherwise is similar. 

Sufficiency: Let « € V € vGO(X). We show that vg{z} CV. Let y¢ V, ie. y € [V]°. 
Then « 4 y and x ¢ vg{y}. Hence vg{r} 4 vg{y}. By assumption, vg{x} Nvg{y} = ¢. Hence 
y ¢ vg{x}. Therefore vg{a} CV. 

Theorem 5.8. X is vg-Ro iff for any points z,y € X,Ker,,{t} #4 Ker,,{y} => 
Keryg{z} 1 Kervely} = ¢. 

Proof. Suppose X is vg-Ro. Thus by lemma 5.3, for any x,y € X if Ker,,{x} # Ker,,{y} 
then vg{x} # vg{y}. Assume that z € Ker,,{a} Ker,,{y}. By z € Ker,,{x} and lemma 
5.2, it follows that « € vg{z}. Since x € vg{z},vg{x} = vg{z}. Similarly, we have vg{y} = 











vg{z} = vg{x}. This is a contradiction. Therefore, we have Ker,,{r} 9 Ker,{y} = ¢. 

Conversely, let 2, y € X, 3 vg{x} # vgf{y}, then by lemma 5.3, Ker, {xz} # Kery,{y}. 
Hence by hypothesis Ker,,{z}N Ker,,{y} = ¢@ which implies vg{x} NM vg{y} = ¢. Because 
z € vg{x} implies that x € Ker,,{z} and Ker,{x}M Ker,,{z} 4 ¢. Therefore by theorem 
5.7, X is a vg-Ro space. 








Theorem 5.9. The following properties are equivalent: 

(1) X is a vg-Ro space; 

(2) For any A# ¢ and G € vGO(X,T) SANG ¢, IF € VGC(X,T) 9 ANF # ¢ and 
FCG. 

Proof. 

(1) > (2). Let A# dand G € VGO(X) 3 ANG F @. There exists c € ANG. Since 
ré€GevGO(X), vg{x} CG. Set F = vg{x}, then F € vGC(X), FC Gand ANFF¢; 

(2) > (1). Let G € vGO(X) and x € G. By (2) vg{x} C G. Hence X is vg-Ro. 


Theorem 5.10. The following properties are equivalent: 





(1) X is a vg-Ro space; 

(2) « € vg{y} iff y € vg{x}, for any points x and y in X. 

Proof. (1) > (2). Assume X is vg-Ro. Let x € vg{y} and D be any vg-open set such 
that y € D. Now by hypothesis, « € D. Therefore, every vg-open set which contain y contains 
x. Hence y € vg{x}. 

(2) > (1). Let x €U € vGO(X). If y ¢ U, then « ¢ vg{y} and hence y ¢ vg{x}. This 
implies that vg{x} C U. Hence X is vg-Ro. 

Theorem 5.11. The following properties are equivalent: 

(1) X is a vg-Ro space; 

(2) If F is vg-closed, then F = Ker,,(F); 

(3) If F is vg-closed and x € F, then Ker,,{x} C F; 

(4) If x € X, then Ker,,{x} C vg{a}. 

Proof. (1) = (2). Let « ¢ F € vGC(X) = (X — F) € vGO(X,x). For X is vg- 
Ro, vg({x}) C (X — F). Thus vg({z}) 1 F = ¢ and « ¢ Ker,,(F). Hence Ker,,(F) = F. 
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(2) > (3). AC B= Ker,,(A) C Ker,,(B). Therefore, by(2) Ker,,{z} C Keryg(F) = 
F. 

(3) + (4). Since x € vg{ax} and vg{x} is vg-closed, by (3) Ker,g{a} C vg{a}. 

(4) = (1). Let « € vgf{y}. Then by lemma 5.2, y € Ker,,{x}. Since a € vg{x} and vg{x} 
is vg-closed, by (4) we obtain y € Ker, {x} C vg{x}. Therefore x € vg{y} implies y € vg{x}. 

The converse is obvious and X is vg-Ro. 

Corollary 5.2. The following properties are equivalent: 

(1) X is vg-Ro; 

(2) vg{x} = Ker, ,{x}Va € X. 

Proof. Straight forward from theorems 5.4 and 5.11. 

Recall that a filterbase F’ is called vg-convergent to a point x in X, if for any vg-open set 
U of X containing xz, there exists B € F such that BC U. 

Lemma 5.4. Let x and y be any two points in X such that every net in X vg-converging 
to y vg-converges to x. Then x € vgfy}. 

Proof. Suppose that 2, = y for each n € N. Then {rp}nen is a net in vg({y}). Since 
{an }nenvg-converges to y, then {7 }nenvg-converges to x and this implies that x € vg{y}. 

Theorem 5.12. The following statements are equivalent: 

(1) X is a vg-Ro space; 

(2) Ifa, y € X, then y € vg{x} iff every net in X vg-converging to y vg-converges to x. 

Proof. 

(1) > (2). Let 2, ye X 3 y € vg{x}. Suppose that {ra}aca is anet in X 5 {ta}aca vg- 
converges to y. Since y € vg{x}, by theorem 5.7 we have vg{x} = vg{y}. Therefore x € vg{y}. 
This means that {ta}aca vg-converges to x. 

Conversely, let x, y € X such that every net in X vg-converging to y vg-converges to 
x. Then x € vgf{y} by theorem 5.4. By theorem 5.7, we have vg{x} = vgf{y}. Therefore 
y € vg{x}. ee ee 

(2) > (1). Let «7, ye X 3 vao{r}Nvg{y} 4 od. Let z € vg{x}N vg{y}. So da net 
{ta}aea in vg{x} > {xa}aeq Vg-converges to z. Since z € vg{y}, then {r,}qcq vg-converges 





to y. It follows that y € vg{ax}. Similarly we obtain « € vg{y}. Therefore vg{a} = vg{y}. 
Hence, X is vg-Ro. 

Theorem 5.13. 

(i) Every subspace of vg-R, space is again vg-R,; 

(ii)Product of any two vg-R, spaces is again vg-R,. 

Theorem 5.14. X is vg-R, iff given « 4 y € X, vg{x} 4 vg{y}. 

Theorem 5.15. Every vg space is vg-R}. 

The converse is not true. However, we have the following result. 

Theorem 5.16. Every vgi, vg-Ri space is vgo. 

Proof. Let « 4 y € X. Since X is vg,, {x} and {y} are vg-closed sets 3 vg{x} 4 vgf{y}. 
Since X is vg-R,, JU, VE vGO(X), aac U, ye V. Hence X is vgo. 

Corollary 6.1. X is vge iff it is vg-Ry and vg. 





Theorem 5.17. The followings are equivalent 
(i) X is vg-Ri; 
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(ii) Avg {x} = {x}; 

(iii) For every x € X, intersection of all vg-neighborhoods of x is {x}. 

Proof. (i) > (ii). Let y #2 € X 3 y € vg{x}. since X is vg-R,, JU € VGO(X) dye 
U, «¢U or x CU, y¢U. In either case y ¢ vg{x}. Hence Nvg{x} = {a}. 

(ii) > (iii). If y A x © X, then x ¢ Nvgf{y}, so there is a vg-open set containing « but 





not y. Therefore y does not belong to the intersection of all vg-neighborhoods of x. Hence 
intersection of all vg-neighborhoods of x is {x}. 

(iii) > (i). Let « 4 y € X, by hypothesis, y does not belong to the intersection of all 
yg-neighborhoods of x and x does not belong to the intersection of all vg-neighborhoods of y, 
which implies vg{x} 4 vg{y}. Hence X is vg-Ry. 

Theorem 5.18. The followings are equivalent: 

(i) X is vg-Ry; 

(ii) For each pair «, y € X 3 vg{x} € vg{y}, Ja vg-clopen set V3 x2€V andy ¢V; 

(iii) For each pair a, y € X 3 vgfx} A vgf{y}, Af: X — [0,1] 3 f(z) = 0 and f(C) =1 
and f is vg-continuous. 

Proof. 

(i) > (ii). Let 2, y € X 3 vg{x} A vg{y}, J disjoint U, W € vGO(X) 3 vg{x} C U and 
vg{y} C Wand V = vg(U) is vg-open and vg-closed such that x € V and y ¢ V. 

(ii) > (iii). Let a, y © X such that vg{x} ¢ vgfy}, and let V be vg-open and vg-closed 
such that « € V and y ¢ V. Then f : X — [0,1] defined by f(z) = 0 if z € V and f(z) =1 if 
z¢V satisfied the desired properties. 

(iii) > (i). Let 2, y € X 3 vg{x} A vgf{y}, let f : X > [0,1] be vg-continuous, f(x) = 0 
and f(y) = 1. Then U = f~'([0,4)) and V = f~1((5,1]) are disjoint vg-open and vg-closed 
sets in X, such that vg{x} C U and vg{y} C V. 

Theorem 5.19. If X is vg-R,, then X is vg-Ro. 

Proof. Let « € U € vGO(X). If y ¢ U, then vg{x} 4 vg{y}. Hence, 3 a vg-open 
V, > vgfy} CV, anda ¢ Vy, > y ¢vg{x}. Thus vg{x} CU. Therefore X is vg-Ro. 

Theorem 5.20. X is vg-R, iff for 2, y © X, Ker, {x} # Ker,,{y}, J disjoint U, V € 
vGO(X) 3 vg{a} CU and vg{y} CV. 

















86. vg-C; and vg-D; spaces, 7 = 0,1, 2 


Definition 6.1. X is said to bea 

(i) vg-Co space if for each pair of distinct points x, y of X there exists a vg-open set G 
whose closure contains either x or y. 

(ii) vg-C, space if for each pair of distinct points x, y of X there exists a vg-open set G 
whose closure containing x but not y and a vg-open set H whose closure containing y but not 
x. 

(iii) vg-C2 space if for each pair of distinct points x, y of X there exists disjoint vg-open 
sets G and H such that G containing x but not y and H containing y but not 2. 

Note 6.1. vg-C2 > vg-C1 = vg-Co but converse need not be true in general. 
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Example 6.1. Let X = {a,b,c,d} and 7 = {¢, {a}, {a, b}, {c, d}, {a, c,d}, X}, then X is 
vg-C;, i= 0, 1, 2. 

Theorem 6.1. 

(i) Every subspace of vg-C; space is vg-C;. 

(ii) Every vg; spaces is vg-C;. 

(iii) Product of vg-C; spaces is vg-C;. 

Theorem 6.2. Let (X,7) be any vg-C; space and A be any non empty subset of X then 
A is vg-C; iff (A, T/,4) is vg-C. 

Theorem 6.3. 

(i) If X is vg-C) then each singleton set is vg-closed. 

(ii) In an vg-C) space disjoint points of X have disjoint vg-closures. 

Definition 6.2. A C X is called a vg Difference(Shortly vg-D-set) set if there are two U, 
V € vGO(X,7T) such that U 4 X and A=U-V. 

Clearly every vg-open set U different from X is a vg-D-set if A= U and V = @. 

Definition 6.3. X is said to bea 

(i) vg-Do if for any pair of distinct points « and y of X there exist a vg-D-set in X 
containing x but not y or a vg-D-set in X containing y but not x; 

(ii) vg-D, if for any pair of distinct points x and y in X there exist a vg-D-set of X 
containing x but not y and a vg-D-set in X containing y but not 2; 

(iii) vg-Dz2 if for any pair of distinct points x and y of X there exists disjoint vg-D-sets G 
and H in X containing x and y, respectively. 

Example 6.2. Let X = {a,b,c} and 7 = {4, {a}, {b,c}, X} then X is vg-D;, i=0, 1, 2. 

Remark 6.1. (i) If X is r—T;, then it is vg;, i= 0, 1, 2 and converse is false; 

(ii) If X is vg;, then it is vgj-1, i= 1, 2; 

(iii) If X is vg;, then it is vg-D;, i= 0, 1, 2; 

(iv) If X is vg-Dj, then it is vg-Dj_-1, i =1, 2. 

Theorem 6.4. The following statements are true: 

(i) X is vg-Do iff it is vgo; 

(ii) X is vg-Dy, iff it is vg-Do. 

Proof. (i) The sufficiency is stated in remark 6.1(iii). To prove necessity, let X be vg-Do. 
Then for each x 4 y € X, at least one of them, say x, belong to a vg-D-set G but y ¢ G. Let 
G = U, — U2 where U; 4 X and U;, Uz € vGO(X). Then «x € U; and for y ¢ G we have two 
cases: 

(a) y EU; 

(b) ye Uy and y ¢ Up. 

In case (a), « € U; but y ¢ Uj; In case (b), y € Up but x ¢ Ug. Hence X is vgo. 

(ii) Sufficiency. Remark 6.1(iv). Necessity. Suppose X is vg-D;. Then for eacha 4 y € X, 
we have vg-D-sets Gi, G2 24 € Gi; y ¢ Gi; y € Go, x ¢ Go. Let Gy = U1 —U2, Go = U3—-U4. 
From «x ¢ Go, it follows that either x ¢ U3 or x € U3 and x € U4. We discuss the two cases 
separately. 


(1)  € U3. By y ¢ G1 we have two subcases: 
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(a) y € U;. From «x € U, — Ua, it follows that 2 € U; — (U2 UUs) and by y € U3 — U4 we 
have y € Us — (U; UU4). Therefore (U; — (U2 U U3)) N (U3 — (U1; UU4) = ¢. 

(b) y € U, and y € Up. We have x € U, — U2, y € U2, (Uy — U2) NU2 = ¢. 

(2) a € U3 and « € U4. We have y € U3 — U4, « € U4, (U3 — U4) NU 4 = 9. 

Therefore X is vg-Do. 

Corollary 6.1. If X is vg-D,, then it is vgo. 

Proof. Remark 6.1(iv) and theorem 6.2(i). 

Definition 6.4. A point  € X which has X as the unique vg-neighborhood is called 
vgc.c point. 

Theorem 6.5. For a vgg space X the followings are equivalent: 

(1) X is vg-Di; 

(2) X has no vgc.c point. 

Proof. (1) = (2). Since X is vg-D, each point x of X is contained in a vg-D-set 
O=U —V and thus in U. By definition U 4 X. This implies that x is not a vgc.c point. 

(2) = (1). If X is vgo, then for each « 4 y € X, at least one of them, x (say) has a vg- 
neighborhood U containing x and not y. Thus U which is different from X is a vg-D-set. If X 
has no vgc.c point, then y is not a vgc.c point. This means that there exists a vg-neighborhood 
V of y such that V 4 X. Thus y € (V —U) but not x and V —U is a vg-D-set. Hence X is 
vg-D. 

Corollary 6.2. A vgo space X is vg-Dj iff there is a unique vgc.c point in X. 

Proof. Only uniqueness is sufficient to prove. If x9 and yo are two vgc.c points in X then 
since X is vgo, at least one of x and yo say Xo, has a vg-neighbourhood U such that rq € U 
and yo ¢ U, hence U # X, Xo is not a vgc.c point, a contradiction. 

Remark 6.2. It is clear that an vgo space X is not vg-D, iff there is a unique vgc.c point 
in X. It is unique because if x and y are both vgc.c point in X, then at least one of them say 
x has a vg-neighborhood U containing x but not y. But this is a contradiction since U 4 X. 

Definition 6.5. X is vg-symmetric if for x and y in X, x € vg{y} implies y € vg{z}. 

Theorem 6.6. X is vg-symmetric iff {x} is vg-closed for each x € X. 

Proof. Assume that x € vg{y} but y ¢ vg{x}. This means that [vg{x}]° contains y. This 
implies that vg{y} is a subset of [vg{x}]°. Now [vg{x}]° contains 2 which is a contradiction. 

Conversely, suppose that {x} C E € vGO(X) but vg{z} is not a subset of E. This means 
that vg{x} and E° are not disjoint. Let y belong to their intersection. Now we have x € vg{y} 
which is a subset of E° and « ¢ E. But this is a contradiction. 

Corollary 6.3. If X is a vg, then it is vg-symmetric. 

Proof. Follows from theorem 3.3 and theorem 6.6. 

Corollary 6.4. The following are equivalent: 

(1) X is vg-symmetric and vgo; 

(2) X is vg. 

Proof. By corollary 6.3 and remark 6.1 it suffices to prove only (1) — (2). Let « 4 y and 
by vgo, we may assume that 2 € G, C {y}* for some G, € vGO(X). Then a ¢ vg{y} and 
hence y ¢ vg{x}. There exists a Gz € vGO(X) such that y € Gz C {x}° and X is a vg; space. 

Theorem 6.7. For an vg-symmetric space X the following are equivalent: 
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(1) X is vgo; 

(2) X is vg-Di; 

(3) X is vg. 

Proof. (1) = (3) corollary 6.4 and (3) = (2) = (1) remark 6.1. 

Theorem 6.8. If f is a vg-irresolute surjective function and E is a vg-D-set in Y, then 
the inverse image of F is a vg-D-set in X. 

Proof. Let E be a vg-D-set in Y. Then there are vg-open sets Uj, Uz € vGO(Y) 3 E= 
U, — U2 and U; # Y. By the vg-irresoluteness of f, f~'(U1) and f~!(U2) are vg-open in X. 
Since U; 4 Y, we have f—!(U,) # X. Hence f—1(E) = f-1(U1) — f—1(U2) is a vg-D-set. 

Theorem 6.9. If Y is vg-D; and f is vg-irresolute and bijective, then X is vg-D,. 

Proof. Suppose that Y is a vg-D, space. Let « 4 y € X. Since f is injective and Y 
is vg-D, there exist vg-D-sets G, and G, of Y containing f(x) and f(y) respectively, such 
that f(y) ¢ G, and f(z) ¢ Gy. By theorem 6.8, f~'(G,) and f~1(G,) are vg-D-sets in X 
containing x and y respectively. Hence X is a vg-Dj, space. 





Theorem 6.10. X is vg-D, iff for each x 4 y € X, J vg-irresolute surjective function f, 
where Y is a vg-D, space 3 f(x) £ f(y). 
Proof. Necessity. For every  # y € X, it suffices to take the identity function on X. 





Sufficiency. Let « 4 y € X. By hypothesis, 4 a vg-irresolute, surjection f from X onto a 
vg-D, space Y 3 f(x) # f(y). Therefore, 4 disjoint vg-D-sets G, and G, in Y 5 f(x) € Gz 
and f(y) € Gy. Since f is vg-irresolute and surjective, by theorem 6.8, f~'(G,) and f~!(G,) 
are disjoint vg-D-sets in X containing x and y respectively. Therefore X is vg-D 1 space. 





Corollary 6.5. Let {Xq/a € I} be any family of topological spaces. If Xq is vg-D1 for 
each a € I, then the product ILX, is vg-D,. 

Proof. Let (x) and (yq) be any pair of distinct points in ILX,. Then there exists an 
index 6 € I 35 xg # yg. The natural projection Pg : ILX, — Xg is almost continuous and 
almost open and Pg((ta)) = Pe((ya)). Since Xg is vg-D1, ILXq is vg-D}. 

Conclusion. In this paper we defined new separation axioms using vg-open sets and 
studied their interrelations with other separation axioms. 

Acknowledgement. Author is thankful to referees for critical comments for the develop- 
ment of the paper. 
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81. Introduction 


In 1967, A. Wilansky has introduced the concept of US spaces. In 1968, C. E. Aull 
studied some separation axioms between TJ; and T> spaces, namely, S; and S». In 1982, S. 
P. Arya et al have introduced and studied the concept of semi-US spaces and also they made 
study of s-convergence, sequentially semi-closed sets, sequentially s-compact notions. G. B. 
Navlagi studied P-Normal Almost-P-Normal, Mildly-P-Normal and Pre-US spaces. Recently S. 
Balasubramanian and P. Aruna Swathi Vyjayanthi studied v-Normal Almost-v-Normal, Mildly- 
v-Normal and v-US spaces. vg-open sets and vg-continuous mappings were introduced in 2009 
and 2011 by S. Balasubramanian. The purpose of this paper is to examine the normality 
axioms, vg-US, vg-S; and vg-S2 spaces. vg-convergence, sequentially vg-compact, sequentially 
vg-continuous maps, and sequentially sub vg-continuous maps are also introduced and studied 
in this paper. All notions and symbols which are not defined in this paper may be found in the 
appropriate references. Throughout the paper X and Y denote topological spaces on which no 


separation axioms are assumed explicitly stated. 


§2. Preliminaries 


Definition 2.1. A C X is called 
(i) closed [resp: Semi closed; v-closed] if its complement if is open [resp: semi open; v-open]; 


(ii) re-open [v-open] if U € aO(X) [RO(X)] such that U C AC a(U) [UC AC (U)]; 


(iii) semi-0-open if it is the union of semi-regular sets and its complement is semi-0-closed; 
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(iv) r-closed [a-closed; pre-closed; (-closed] if A = (A°)[((A°))° C A; (A?) C A; (((A))2) C 





A]; 

(v) g-closed [rg-closed; g/'-closed; g-closed] if A C U whenever A C U and U is open 
[gs-open; semi-open] in X; 

(vi) sg-closed [gs-closed] if s(A) C U whenever A C U and U is semi-open{open} in X; 

(vii) pg-closed [gp-closed; gpr-closed] if p(A) C U whenever A C U and U is pre-open 
open; regular-open] in X; 

(viii) ag-closed [ga-closed; rga-closed; rag-closed; ags-closed; ga-closed] if a(A) C U 
whenever A C U and U is open [a-open; ra-open; r-open; semi-open; gs-open] in X; 

(ix) vg-closed if v(A) C U whenever A C U and U is v-open in X; 

(x) The family of all vg-open sets of X containing point « is denoted by vGO(X, x). 

Definition 2.2. Let A Cc X. Then a point z is said to bea 

(i) limit point of A if each open set containing x contains some point y of A such that 


L#Y; 


(ii) Tp-limit point 1° 


] of A if each open set containing x contains some point y of A such 
that cl{x} 4 cl{y}, or equivalently, such that they are topologically distinct; 

(iii) v-Tp-limit point [4] of A if each open set containing x contains some point y of A such 
that vcl{x} 4 vel{y}, or equivalently, such that they are topologically distinct. 

Definition 2.3.!°] A function f is said to be 

(i) almost-v-irresolute if for each « € X and each v-neighborhood V of f(x), v(f~'(V)) is 
a v-neighborhood of 2; 

(ii) sequentially v-continuous at « € X if f(a») —” f(x) whenever < r, >” X. If f is 
sequentially v-continuous at all « € X, then f is said to be sequentially v-continuous; 

(iii) sequentially nearly v-continuous if for each point « € X and each sequence < x, >>” 
x € X, there exists a subsequence < @nx > Of < Lp > such that < f(anp) >” f(z). 

(iv) sequentially sub-v-continuous if for each « € X and each sequence < 2, >” xin X, 
there exists a subsequence < %n% > of <x“, > and a point y € Y such that < f(anp) >” y; 





(v) sequentially v-compact preserving if the image f(A) of every sequentially v-compact 
set K of X is sequentially v-compact in Y. 


§3. vg-To limit point 


Definition 3.1. In X, a point x is said to be a vg-To-limit point of A if each vg-open set 
containing x contains some point y of A such that vg{x} # voy}. or equivalently, such that 
they are topologically distinct with respect to vg-open sets. 

Example 3.1. Since regular open => v-open => vg-open, then r-To-limit point > v-To- 
limit point > vg-To-limit point. 

Definition 3.2. A set A together with all its vg-Tp-limit points is denoted by Tp-vg(A). 

Lemma 3.1. If x is a vg-To-limit point of a set A then z is vg-limit point of A. 

Lemma 3.2 If X is vg-To-space then every vg-To-limit point and every vg-limit point are 
equivalent. 


Corollary 3.1. 
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(i) If X is r-To-space then every vg-To-limit point and every vg-limit point are equivalent; 
(ii)If X is v-To-space then every vg-To-limit point and every vg-limit point are equivalent. 
Theorem 3.1. For 1 #4 y € X, 

(i) a is a vg-To-limit point of {y} iff « ¢ vg{y} and y € vg{x}; 





(ii) x is not a vg-To-limit point of {y} iff either x € vg{y} or vg{x} = vg{y}; 

(iii) x is not a vg-Tp-limit point of {y} iff either x € vg{y} or y € vg{z}. 

Corollary 3.2. 

(i) If x is a vg-To-limit point of {y}, then y cannot be a vg-limit point of {x}; 

(ii) If vgfa} = vg{y}, then neither x is a vg-Tp-limit point of {y} nor y is a vg-Tp-limit 
point of {2}; 

(iii) If a singleton set A has no vg-Tp-limit point in X, then vg(A) = vgfa} for all x € 
vg(A). 

Lemma 3.3. In X, if x is a vg-limit point of a set A, then in each of the following cases, 
X becomes vg-To-limit point of A({x} # A). 

(i) vg{a} A vofy} for y € A,a Fy; 

(ii) vo Te} = {x}; 

(iii) X is a vg-To-space; 

(iv) A-{x} is vg-open. 

Corollary 3.3. In X, if x is a limit point |resp: r-limit point; v-limit point] of a set A, 
then in each of the following cases 7 becomes vg-To-limit point of A ({a#} 4 A). 

(i) vg{x} A vgty} for ye Aa Ay; 

(ii) vo Te} = {a}; 

(iii) X is a vg-To-space; 

( 


iv) A-{a} is vg-open. 


§4. vg-Ty and vg-R; axioms, 2 = 0,1 


In view of lemma 3.3(iii), vg-To-axiom implies the equivalence of the concept of limit point 
of a set with that of vg-To-limit point of the set. But for the converse, if x € vg{y} then 
vg{«} # vgf{y} in general, but if x is a vg-Tp-limit point of {y}, then vg{x} = vg{y}. 

Lemma 4.1. In a space X, a limit point x of {y} is a vg-Tp-limit point of {y} iff vg{x} 4 
vgf{y}. 

This lemma leads to characterize the equivalence of vg-To-limit point and vg-limit point 
of a set as the vg-To-axiom. 

Theorem 4.1. The following conditions are equivalent: 

(i) X is a vg-To space; 

(ii) Every vg-limit point of a set A is a vg-To-limit point of A; 

(iii)Every r-limit point of a singleton set {x} is a vg-To-limit point of {x}; 

(iv) For any z,y € X, 2 y if x € vg{y}, then z is a vg-Tp-limit point of {y}. 

Note 4.1. In a vg-To-space X if every point of X is a r-limit point of X, then every point 
of X is vg-To-limit point of X. But a space X in which each point is a vg-Tp-limit point of X 
is not necessarily a vg-To-space. 
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Theorem 4.2. The following conditions are equivalent: 

(i) X is a vg — Ro space; 

(ii) For any a, y €X, if « € vg{y}, then x is not a vg-Tp-limit point of {y}; 

(iii) A point vg-closure set has no vg-To-limit point in X; 

(iv) A singleton set has no vg-To-limit point in X. 

Since every r-Ro-space is vg-Rog-space, we have the following Corollary. 

Corollary 4.1. The following conditions are equivalent: 

(i) X is a r — Ro space; 

(ii) For any 2,y € X, if « € vg{y}, then X is not a vg-Tp-limit point of {y}; 

(iii) A point vg-closure set has no vg-To-limit point in X; 

(iv) A singleton set has no vg-To-limit point in X. 

Since every v-Ro-space is vg-Rg-space, we have the following Corollary. 

Corollary 4.2. The following conditions are equivalent: 

(i) X is a v-Ro space; 

(ii) For any z,y € X, if x e vgf{y}, then X is not a vg-Tp-limit point of {y}; 

(iii) A point vg-closure set has no vg-To-limit point in X; 

(iv) A singleton set has no vg-To-limit point in X. 

Theorem 4.3. In a vg-Rp space X, a point x is vg-Tp-limit point of A iff every vg-open 
set containing x contains in finitely many points of A with each of which x is topologically 
distinct. 

If vg-Ro space is replaced by rRp space in the above theorem, we have the following 
corollaries. 

Corollary 4.3. (a) In an rRo-space X, 

(i) If a point x is rTo-limit point of a set then every vg-open set containing X contains 
infinitely many points of A with each of which X is topologically distinct; 

(ii) If a point x is vg-To-limit point of a set then every vg-open set containing X contains 
infinitely many points of A with each of which X is topologically distinct. 

(b) In an v-Ro-space X, 

(i) If a point x is rTp-limit point of a set then every vg-open set containing x contains 
infinitely many points of A with each of which x is topologically distinct; 

(ii) If a point x is vg-To-limit point of a set then every vg-open set containing x contains 
infinitely many points of A with each of which x is topologically distinct. 

Theorem 4.4. X is vg-Rp space iff a set A of the form A = Uvg{x; %=1t0n}; a finite union 
of point closure sets has no vg-To-limit point. 

Corollary 4.4. (a) If X is rRo space and 

(i) If A = Uv gfx; i=1t0n}, a finite union of point closure sets has no vg-Tp-limit point; 

(ii) If X = Uvg{a; :i=1ton}, then X has no vg-Tp-limit point. 

(b) If X is v-Ro space and 

(i) If A = Uvgfa; i=1t0n}, a finite union of point closure sets has no vg-Tp-limit point; 

(ii) If X = Uvgf{a; ti=110n}, then X has no vg-Tp-limit point. 

Theorem 4.5. The following conditions are equivalent: 


(i) X is vg-Ro-space; 
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(ii) For any X and aset Ain X, xis avg-To-limit point of A iff every vg-open set containing 
x contains infinitely many points of A with each of which X is topologically distinct. 

Various characteristic properties of vg-To-limit points studied so far is enlisted in the 
following Theorem for a ready reference. 

Theorem 4.6. In a vg-Ro-space, we have the following: 

(i) A singleton set has no vg-To-limit point in X; 

(ii) a finite set has no vg-To-limit point in X; 

(iii) a point vg-closure has no set vg-To-limit point in X; 

(iv) a finite union point vg-closure sets have no set vg-To-limit point in X; 

(v) for z,y € X, © € Ty — vg{y} if c= y; 

(vi) for any «,y € X, « # y iff neither X is vg-Tp-limit point of {y} nor y is vg-Tp-limit 
point of {2}; 

(vii) for any 2,y € X, Fy iff Ty — vg{x} N Tp — vg fy} = ¢; 

(viii) any point « € X is a vg-Tp-limit point of a set A in X iff every vg-open set containing 
X contains infinitely many points of A with each which X is topologically distinct. 

Theorem 4.7. X is vg-R, iff for any vg-open set U in X and points x, y such that 
xe xX —U,y€U, there exists a vg-open set V in X such that ye V CU,a ¢€ V. 

Lemma 4.2. In vg-R, space X, if x is a vg-Tp-limit point of X, then for any non empty 
vg-open set U, there exists a non empty vg-open set V such that V C U,x ¢ vg(V). 

Lemma 4.3. In a vg-regular space X, if X is a vg-To-limit point of X, then for any non 





empty vg-open set U, there exists a non empty vg-open set V such that vg(V) C U,x ¢ vg(V). 
Corollary 4.5. In a regular space X, 
(i) If X is a vg-To-limit point of X, then for any non empty vg-open set U, there exists a 


non empty vg-open set V such that vg(V) C U,« € vg(V); 
(ii) If x is a To-limit point of X, then for any non empty vg-open set U, there exists a non 


empty vg-open set V such that vg(V) C U,x ¢ vg(V). 





Theorem 4.8. If X is a vg-compact vg-R,-space, then X is a Baire space. 

Proof. Let {A,} be a countable collection of vg-closed sets of X, each A, having empty 
interior in X. Take Aj, since A, has empty interior, A; does not contain any vg-open set 
say Up. Therefore we can choose a point y € Up such that y ¢ Ai. For X is vg-regular, 
and y € (X — Ai) N Up, a vg-open set, we can find a vg-open set U; in X such that y € 


U,,vg(U1) C (X — A) NUg. Hence U;, is a non empty vg-open set in X such that vg(U,) C Up 


and vg(U;) NM A, = ¢. Continuing this process, in general, for given non empty vg-open set 
Un—1, we can choose a point of U,_1 which is not in the vg-closed set A, and a vg-open set Uy, 





containing this point such that vg(U;,) C Un—1 and vg(U;,)M Ay = ¢. Thus we get a sequence 
of nested non empty vg-closed sets which satisfies the finite intersection property. Therefore 


nvg(U,) 4 ¢. Then some x € Nvg(U,) which in turn implies that « € Un_1 as vg(Un) C Un-1 
and « ¢ A, for each n. 





Corollary 4.6. If X is a compact vg-R,-space, then X is a Baire space. 

Corollary 4.7. Let X be a vg-compact vg-R,-space. If {A,,} is a countable collection of 
vg-closed sets in X, each A, having non-empty vg-interior in X, then there is a point of X 
which is not in any of the Ay. 
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Corollary 4.8. Let X be a vg-compact Ri-space. If {A,} is a countable collection of 
vg-closed sets in X, each A, having non-empty vg-interior in X, then there is a point of X 
which is not in any of the A,,. 

Theorem 4.9. Let X be a non empty compact vg-R,-space. If every point of X is a 
vg-To-limit point of X then X is uncountable. 

Proof. Since X is non empty and every point is a vg-To-limit point of X, X must be 
infinite. If X is countable, we construct a sequence of vg-open sets {V,,} in X as follows: 

Let X = V,, then for set x1 is a vg-To-limit point of X, we can choose a non empty vg-open 
V2 in X such that Vo C Vi and x; ¢ vgV2. Next for x2 and non empty vg-open set V2, we can 
choose a non empty vg-open set V3 in X such that V3 C V2 and x2 ¢ vgV3. Continuing this 
process for each x, and a non empty vg-open set V,,, we can choose a non empty vg-open set 
Vn4i in X such that V,+, C V, and zy, ¢ vgVnt.- 


Now consider the nested sequence of vg-closed sets vgV; > vgV2 D> vgV3 D+: D vgVn D 











--+, since X is vg-compact and {vgV,,} the sequence of vg-closed sets satisfy finite intersection 
property. By Cantors intersection theorem, there exists an x in X such that « € vgV,. Further 
xz € X and « € Vj, which is not equal to any of the points of «. Hence X is uncountable. 

Corollary 4.9. Let X be a non empty vg-compact vg-R,-space. If every point of X isa 
vg-To-limit point of «, then X is uncountable. 


85. vg-Ty-identification spaces and vg-separation axioms 


Definition 5.1. Let X be a topological space and let # be the equivalence relation on X 
defined by «Ry iff vg{a} = vgf{y}. 

Problem 5.1. Show that «Ry iff vg{x} = vg{y} is an equivalence relation. 

Definition 5.1. The space (Xo, Q(Xo)) is called the vg-To-identification space of (X,7), 
where Xo is the set of equivalence classes of tT and Q(Xo) is the decomposition topology on Xo. 

Let Px : (X,T) — (Xo, Q(Xo)) denote the natural map. 

Lemma 5.1. If x € X and A C X, then x € vgA iff every vg-open set containing X 
intersects A. 

Theorem 5.1. The natural map Px : (X,T) — (Xo, Q(Xo)) is closed, open and PP) = 
O for all O € PO(X,T) and (Xo, Q(Xo)) is vg-To. 

Proof. Let O € PO(X,r) and let C € Px(O). Then there exists x € O such that 
Px(a) = C. If y € C, then vg{y} = vgfax}, which, implies y € O. Since tr C PO(X,7), then 
Px'(Px(U)) =U for all U € 7, which implies Px is closed and open. 

Let G,H € Xo such that G4 H and let « € G and y € H. Then vg{a} 4 vgf{y}, which 
implies that « ¢ vg{y} or y ¢ vg{ax}, say x ¢ vg{y}. Since Px is continuous and open, then 
Ge A= Px{X — vg{y}} ¢ PO(Xo, Q(Xo)) and H ¢ A. 

Theorem 5.2. The followings are equivalent: 

(i) X is vgRo; 

(ii) Xo = {vg{a} sa € X}; 

(ili) (Xo, Q(Xo)) is vgTh. 
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Proof. (i) > (ii). Let C € Xo, and let x € C. If y € C, then y € vgfy} = vgfa}, which 
implies C € vg{x}. If y € vg{x}, then x € vg{y}, since, otherwise, « € X — vg{y} € PO(X,rT) 
which implies vg{x} C X—vg{y}, which is a contradiction. Thus, if y € vg{x}, then x € vg{y}, 
which implies vg{y} = vg{x} and y € C. Hence Xo = {vgfa}: a € X}. 

(ii) > (iii). Let A A B € Xo. Then there exists x, y € X such that A = vg{x}; B = vgfy}, 
and vg{x} Mvg{y} = ¢. Then A € C = Px(X — vgfy}) € PO(Xo0, Q(Xo)) and B ¢ C. Thus 
(Xo, Q(Xo)) is vg-Th. 

(iii) > (i). Let x € U € vGO(X). Let y ¢ U and C,,C, € Xo containing x and y 
respectively. Then a ¢ vg{y}, which implies C, 4 Cy, and there exists vg-open set A such that 
C, € A and CO, ¢ A. Since Px is continuous and open, then y € B = Py!(A) € a € vGO(X) 
and a ¢ B, which implies y ¢ vg{x}. Thus vg{x} C U. This is true for all vg{x} implies 
nvg{x} C U. Hence X is vg-Ro 

Theorem 5.3. X is vg — Ry iff (Xo, Q(Xo)) is vg-To. 

The proof is straight forward from using theorems 5.1 and 5.2 and is omitted. 





§6. vg-open functions and vg-T; spaces, 7 = 0,1, 2 


Theorem 6.1. X is vg-T;, 1 = 0,1,2 iff there exists a vg-continuous, almost-open, 1-1 
function f : X into a vg-T; space, i = 0,1, 2, respectively. 

Theorem 6.2. If f : X — Y is vg-continuous, vg-open, and 2, y € X such that vg{x} = 
voty}, then vo{F(a)} = vat Fart: 

Proof. Suppose vg{f(a)} # vg{Fly)}- Then f(x) ¢ val Flu} or Fly) ¢ vol Flay}, say 
f(x) € vo{f(y)}. Then f(x) ¢€ A= Y —vg{f(y)} € vGO(Y). If B=Y — A®, then f(x) ¢ B, 
and Bnvg{f(y)} 4 ¢, which implies f(y) € B,y € f~'(B) € vGO(X), and x ¢ f~!(B) which 
is a contradiction. Thus A® = Y. Since f(y) ¢ A, then y ¢ (f~1(A))*. If « € (f-*(A))?, 
then {x} U (f~1(A))° is vg-open containing x and not y, which is a contradiction. Hence 
z€U=X —(f-1(A))° and 6 ¥ f(U) € vGO(Y). Then C = (f(U))°N A® = 4, for suppose 
not. Then f~!(C) € vGO(X), which implies f~1(C) c (f-!(C))? c (f-!(A))?, which is a 
contradiction. Hence C = ¢, which contradicts A® = Y. 

Theorem 6.3. The followings are equivalent: 

(i) X is vg-To; 

(ii) Elements of Xo are singleton sets; 




















(iii) There exists a vg-continuous, vg-open, 1-1 function f : X — Y, where Y is vg-To. 

Proof.(i) is equivalent to (ii) and (i) > (iii) are straight forward and is omitted. 

(iii) > (i). Let x,y € X such that f(x) 4 f(y), which implies vg{f(x)} A vg{f(y)}. Then 
by theorem 6.2, vg{x} 4 vg{y}. Hence X is vg-Tp. 

Corollary 6.1. A space X is vg-T;, i = 1,2 iff X is vg-T;_1, 1 = 1,2, respectively, and 





there exists a vg-continuous, vg-open, 1-1 function f : X into a vg-To space. 

Definition 6.1. f : X — Y is point-vg-closure 1-1 iff for x,y € X such that vg{xr} 4 
voty}, vol f(x)} A vol f(y}. 

Theorem 6.4. (i) If f: X — Y is point vg-closure 1-1 and X is vg-To, then f is 1-1; 

(ii) If f : X + Y, where X and Y are vg-To, then f is point vg-closure 1-1 iff f is 1-1. 
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Proof. Omitted. 

The following result can be obtained by combining results for vg-To-identification spaces, 
vg-induced functions and vg-T; spaces, i = 1, 2. 

Theorem 6.5. X is vg — R;, i = 0,1 iff there exists a yg-continuous, almost-open point 
vg-closure 1-1 function f : X into a vg-R; space, 71 = 0,1, respectively. 


§7. vg-normal, almost vg-normal and mildly vg-normal 
spaces 
Definition 7.1. A space X is said to be vg-normal if for any pair of disjoint closed sets 


F, and Fb, there exist disjoint vg-open sets U and V such that F, C U and Fy C V. 


Note 7.1. From the above Definition we have the following implication diagram. 





g-T, gs-T4 
L t \ 
rag-Ty > rga-Ty — rg-T, — vg-T — sg-Ty — Bg-T1 
t T T T if 
f toArly = 1-14 T T 
r-Ty — 1-Ty — Ty — a-Ty — s-Ty — G-T4 
ev Ly hy 
mg-Ty p-Ty > w—Ty & ga-Ty > ag-T, 
\ S 
gp-T, — pg-T, rw—T4 


Example 7.1 Let X = {a,b,c} and r = {4, {a}, {b,c}, X}. Then X is vg-normal. 

Example 7.2 Let X = {a,b,c,d} and r = {¢, {b, d}, {a,b, d}, {b,c,d}, X}. Then X is 
yg-normal and is not normal. 

We have the following characterization of vg-normality. 

Theorem 7.1. For a space X the followings are equivalent: 

(a) X is vg-normal; 

(b) For every pair of open sets U and V whose union is X, there exist vg-closed sets A 
and B such that ACU, BC V and AUB=X; 

(c) For every closed set F' and every open set G containing F’, there exists a vg-open set 
U such that F CU Cvg(U) CG. 

Proof. (a) = (b). Let U and V be a pair of open sets in a vg-normal space X such that 
X =UUV. Then X —U, X —V are disjoint closed sets. Since X is yg-normal there exist disjoint 
vg-open sets U; and V; such that X —-U CU, and X -V C Vy. Let A= X —U,,B=X—-YV,. 
Then A and B are vg-closed sets such that AC U,B CV and AUB=X. 

(b) = (c). Let F be a closed set and G be an open set containing F. Then X — F and 
G are open sets whose union is X. Then by (b), there exist vg-closed sets W; and W2 such 
that W, Cc X — F and W2 C G and W, UW2 = X. Then F Cc X —W,,X —GC xX — We and 
(X — Wi) (X — Wo) = 6. Let U = X — W, and V = X — W. Then U and V are disjoint 
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vg-open sets such that F CU C X—V CG. As X —V is vg-closed set, we have vg(U) C X —V 
and F CU Cug(U) CG. 

(c) = (a). Let Fy, and F) be any two disjoint closed sets of X. Put G = X — Fo, then 
F,{ NG = ¢.F, C G where G is an open set. Then by (c), there exists a vg-open set U of X 
such that F, C U C vg(U) C G. It follows that Fh C X —vg(U) = V, say, then V is vg-open 
and UM V = @. Hence F, and F» are separated by vg-open sets U and V. Therefore X is 
vg-normal. 

Theorem 7.2. A regular open subspace of a vg-normal space is vg-normal. 

Proof. Let Y be a regular open subspace of a vg-normal space X. Let A and B be disjoint 
closed subsets of Y. By vg-normality of X, there exist disjoint vg-open sets U and V in X 
such that AC U and B CV, UNY and VY are vg-open in Y such that A CUM Y and 
BCVNY. Hence Y is vg-normal. 

Example 7.3. Let X = {a,b,c} with 7 = {¢, {a}, {b}, {a,b}, X} is vg-normal and vg- 
regular. 

Now, we define the following. 

Definition 7.2. A function f : X — Y is said to be almost-vg-irresolute if for each x € X 
and each vg-neighborhood V of f(x), vg(f-1(V)) is a vg-neighborhood of X. 

Clearly every vg-irresolute map is almost vg-irresolute. 

The Proof of the following lemma is straightforward and hence omitted. 

Lemma 7.1. f is almost vg-irresolute iff f~'(V) C vg — int(vgcl(f~'(V)))) for every 
V evGO(y). 

Now we prove the following. 

Lemma 7.2. f is almost vg-irresolute iff f(vg(U)) C vg(f(U)) for every U € vGO(X). 

Proof. Let U € vGO(X). Suppose y ¢ vg(f(U)). Then there exists V € vGO(y) such that 
Vn f(U) = ¢. Hence f~1(V)NU = ¢. Since U € vGO(X), we have vg(vg(f-1(V)))°Nvg(U) = 
o. Then by lemma 7.1, f~!(V) Nvg(U) = ¢ and hence VN f(vg(U)) = ¢. This implies that 
y € f(vg(U)). 

Conversely, if V € vGO(Y), then W = X — vg(f-1(V)) € vGO(X : By hypothesis, 
f(vg(W)) © vg(f(W))) and hence X — vg(vg(f-1(V)))? = ‘ee “wg F(W))) 
Pug FX =F) ¢ Peg — VD] = PMY -V) = X-f-(V). nee pruvyc 
vg(vg(f-1(V)))°. By lemma 7.1, f is almost vg-irresolute. 














Now we prove the following result on the invariance of vg-normality. 

Theorem 7.3. If f is an M-vg-open continuous almost vg-irresolute function from a 
yvg-normal space X onto a space Y, then Y is vg-normal. 

Proof. Let A be a closed subset of Y and B be an open set containing A. Then by 
continuity of f, f~1(A) is closed and f~!(B) is an open set of X such that f~'(A) c f~+(B). 
As X is vg-normal, there exists a vg-open set U in X such that f—!(A) CUC vg(U) C f7!(B). 
Then f(f~1(A)) c f(U) C f(vg(U)) C f(f-1(B)). Since f is M-vg-open almost vg-irresolute 
surjection, we obtain A Cc f(U) C vg(f(U)) C B. Then by theorem 7.1 Y is vg-normal. 








Lemma 7.3. A mapping f is M-vg-closed if and only if for each subset B in Y and for 
each vg-open set U in X containing f~!(B), there exists a vg-open set V containing B such 
thet 7 “(W)C U. 
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Now we prove the following. 

Theorem 7.4. If f is an M-vg-closed continuous function from a vg-normal space onto a 
space Y, then Y is vg-normal. 

Proof of the theorem is routine and hence omitted. 

Now in view of lemma 2.2 !"9] and lemma 7.3, we prove the following result. 

Theorem 7.5. If f is an M-vg-closed map from a weakly Hausdorff vg-normal space X 
onto a space Y such that f~+(y) is S-closed relative to X for each y € Y, then Y is vg-To. 

Proof. Let y; and y2 be any two distinct points of Y. Since X is weakly Hausdor f f, 
f-'(y1) and f7!(y2) are disjoint closed subsets of X by lemma 2.2 %l, As X is vg-normal, 
there exist disjoint vg-open sets V; and V2 such that f~'(y;) C Vj, for i = 1,2. Since f is 
M-vg-closed, there exist vg-open sets U; containing y; such that f~'(U;) C V; for i = 1,2. 
Then it follows that U; N Uz = ¢. Hence Y is vg-T5. 

Theorem 7.6. For a space X we have the following: 

(a) If X is normal then for any disjoint closed sets A and B, there exist disjoint vg-open 
sets U, V such that AC U and BC V; 

(b) if X is normal then for any closed set A and any open set V containing A, there exists 
an vg-open set U of X such that AC U C vg(U) CV. 

Definition 7.2. X is said to be almost vg-normal if for each closed set A and each regular 
closed set B such that 4M B = @, there exist disjoint vg-open sets U and V such that A C U 
and BC V. 

Note 7.2. From the above definition we have the following implication diagram. 

Al-g-Ty  Al-gs-Ty 





L bk SS 
Alrag-T, — Al-rga-Ty — Al-rg-Ty — Al-vg-T, — Al-sg-T, — Al-Gg-T4 
T T if T 
/ Al-ra-Ty — Al-v-T, \, T T 
Al-r-T, — Al-r-Ty — Al-T, — Al-a-T, — Al-s-T, — Al-G-T) 
‘A by Ny 
Al-ag-Ty  Alp-Ty — Alw-T, & Al-ga-Ty — Alag-T; 
*s a 
Al-gp-Ty — Al-pg-Ty AlL-rw—Ty 


Example 7.4. Let X = {a,b,c} and 7 = {¢, {a}, {a,b}, {a,c}, X}. Then X is almost 
yg-normal and vg-normal. 

Now, we have characterization of almost vg-normality in the following. 

Theorem 7.7. For a space X the following statements are equivalent: 

(a) X is almost vg-normal; 

(b) for every pair of sets U and V, one of which is open and the other is regular open whose 
union is X, there exist vg-closed sets G and H such that GC U,H CV andGUH=X; 

(c) for every closed set A and every regular open set B containing A, there is a vg-open 


set V such that ACV Cvg(V) CB. 
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Proof. (a) > (b). Let U be an open set and V be a regular open set in an almost vg- 
normal space X such that UUV = X. Then (X —U) is closed set and (X — V) is regular closed 
set with (X —U)M(X —V) = ¢. By almost vg-normality of X, there exist disjoint vg-open 
sets U; and V; such that X —U C U; and X —V C V,. Let G= X —U,; and H = X — Vj. 
Then G and H are vg-closed sets such that GC U,H CV andGUH =X. 

(b) = (c) and (c) = (a) are obvious. 

One can prove that almost vg-normality is also regular open hereditary. 

Almost vg-normality does not imply almost vg-regularity in general. However, we observe 
that every almost vg-normal vg-Ro space is almost vg-regular. 

Next, we prove the following. 

Theorem 7.8. Every almost regular, y-compact space X is almost vg-normal. 

Recall that f : X — Y is called rc-continuous if inverse image of regular closed set is 
regular closed. 

Now, we state the invariance of almost vg-normality in the following. 

Theorem 7.9. If f is continuous M-vg-open rc-continuous and almost vg-irresolute sur- 
jection from an almost vg-normal space X onto a space Y, then Y is almost vg-normal. 

Definition 7.3. A space X is said to be mildly vg-normal if for every pair of disjoint 
regular closed sets F, and F2 of X, there exist disjoint vg-open sets U and V such that F, Cc U 
and Fy C V. 

Note 7.3. From the above Definition we have the following implication diagram. 

Mild-g-T, = Mild-gs-Ty 
1 bE 
Mild-rag-T, — Mild-rga-T, — Mild-rg-T, — Mild-vg-T, — Mild-sg-T, — Mild-Gg-T, 
T T T T ii 
/ Mild-ra—Ty — Mild-v-Ty \, T T 
Mild-r-T, — Mild-7—Ty — Mild-T, — Mild-a—T, — Mild-s-T, — Mild-G—T, 


a Ls * 
Mild-rg-T, = Mild-p-T, — Mild-w—T, 4 Mild-ga-T, — Mild-ag-T, 
\ Sy 
Mild-gp-T, — Mild-pg-T4 Mild-rw—Ty 

We have the following characterization of mild vg-normality. 

Theorem 7.10. For a space X the following are equivalent. 

(a) X is mildly vg-normal; 

(b) for every pair of regular open sets U and V whose union is X, there exist vg-closed 
sets G and H such that GC U,H CV andGUH=X; 

(c) for any regular closed set A and every regular open set B containing A, there exists a 
vg-open set U such that A Cc U C vg(U) C B; 

(d) for every pair of disjoint regular closed sets, there exist vg-open sets U and V such 
that AC U,B CV and vg(U) Nvg(V) = ¢. 

This theorem may be proved by using the arguments similar to those of theorem 7.7. 

Also, we observe that mild vg-normality is regular open hereditary. 
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We define the following: 

Definition 7.4. A space X is weakly vg-regular if for each point X and a regular open 
set U containing {x}, there is a vg-open set V such that r €V CV CU. 

Theorem 7.11. If f : X — Y is an M-vg-open rc-continuous and almost vg-irresolute 
function from a mildly vg-normal space X onto a space Y, then Y is mildly vg-normal. 

Proof. Let A be a regular closed set and B be a regular open set containing A. Then 
by rc-continuity of f, f~1(A) is a regular closed set contained in the regular open set f~+(B). 
Since X is mildly vg-normal, there exists a vg-open set V such that f~!(A) C V C vg(V) C 
f-*(B) by theorem 7.10. As f is M-vg-open and almost vg-irresolute surjection, it follows that 
f(V) €vGO(Y) and Ac f(V) C vg(f(V)) C B. Hence Y is mildly vg-normal. 

Theorem 7.12. If f : X — Y is recontinuous, M-vg-closed map from a mildly vg-normal 
space X onto a space Y, then Y is mildly vg-normal. 


88. vg-US spaces 


Definition 8.1. A sequence < x, > is said to vg-converges to x € X, written as < 
In >"9 x if < Zp > is eventually in every vg-open set containing x. 

Clearly, if a sequence < t%, >” X of X, then < 2, >—-"”9 to X. 

Definition 8.2. A space X is said to be vg-US if every sequence < x, > in X vg-converges 
to a unique point. 

Theorem 8.1. Every vg-US space is vg-T}. 

Proof. Let X be vg-US space. Let « # y €X. Consider the sequence < x, > where 
Ln = «x for every n. Cleary, < 2p >—”9 X. Also, since « 4 y and X is vg-US, < an >A” y, 
i.e. there exists a vg-open set V containing y but not X. Similarly, if we consider the sequence 
< Yn > where yy, = y for all n, and proceeding as above we get a vg-open set U containing X 
but not y. Thus, the space X is vg-T\. 

Theorem 8.2. Every vg-T2 space is vg-US. 

Proof. Let X be vg-T> space and < x, > be a sequence in X. If < x, > vg-converge to 
two distinct points X and y. That is, < x, > is eventually in every vg-open set containing X 
and also in every vg-open set containing y. This is contradiction since X is vg-T2 space. Hence 
the space X is vg-US. 

Definition 8.3. A set F' is sequentially vg-closed if every sequence in Ff’ vg-converges to 
a point in F’. 

Theorem 8.3. X is vg-US iff the diagonal set is a sequentially vg-closed subset of X x X. 

Proof. Let X be vg-US. Let < 2,2, > be a sequence in A. Then < x, > is a sequence 
in X. As X is vg-US, < ty, > ”9 x for a unique x € X, ie. if < a, >-”’9 x and y. Thus, 
x = y. Hence A is sequentially vg-closed set. 

Conversely, let A be sequentially vg-closed. Let a sequence < 2%, >—”9 x and y. Hence 
< Un, In >—”9 (x,y). Since A is sequentially vg-closed, (x,y) € A which means that x = y 
implies space X is vg-US. 

Definition 8.4. A subset G of a space X is said to be sequentially vg-compact if every 


sequence in G has a subsequence which vg-converges to a point in G. 
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Theorem 8.4. In a vg-US space every sequentially vg-compact set is sequentially vg- 
closed. 

Proof. Let Y be a sequentially vg-compact subset of vg-US space X. Let < 2, > be 
a sequence in Y. Suppose that < x, > vg-converges to a point in X —Y. Let < np > be 
subsequence of < x, > that vg-converges to a point y € Y, since Y is sequentially vg-compact. 
Also, let a subsequence < &p > of < tp >—"9 w € X —Y. Since < pp > is a sequence in the 
vg-US space X, x = y. Thus, Y is sequentially vg-closed set. 

Next, we give a hereditary property of vg-US spaces. 

Theorem 8.5. Every regular open subset of a vg-US space is vg-US. 

Proof. Let X be a vg-US space and Y C X be an regular open set. Let < 2, > bea 
sequence in Y. Suppose that < v, >—”9 x and y in Y. We shall prove that < 2, >-"9 x 
and y in X. Let U be any vg-open subset of X containing X and V be any vg-open set of X 
containing y. Then, UMY and VY are vg-open sets in Y. Therefore, < x, > is eventually 
inUNY and VY and so in U and V. Since X is vg-US, this implies that x = y. Hence the 
subspace Y is vg-US. 

Theorem 8.6. A space X is vg-T> iff it is both vg-R, and vg-US. 

Proof. Let X be vg-T2 space. Then X is vg-R, and vg-US by theorem 8.2. Conversely, 
let X be both vg-R, and vg-US space. By theorem 8.1, X is both vg-T;, and vg-R, and, it 
follows that space X is vg-T9. 

Definition 8.5. A point y is a vg-cluster point of sequence < x, > iff < a» > is frequently 
in every vg-open set containing X. 

The set of all vg-cluster points of < a, > will be denoted by vg(zp). 

Definition 8.6. A point y is vg-side point of a sequence < 2, > if y is a vg-cluster point 
of < x, > but no subsequence of < x, > vg-converges to y. 

Now, we define the following. 

Definition 8.7. A space X is said to be vg-S, if it is vg-US and every sequence < £p > 
vg-converges with subsequence of < x, > vg-side points. 

Definition 8.8. A space X is said to be vg-S2 if it is vg-US and every sequence < £p > 
in X vg-converges which has no vg-side point. 

Lemma 8.1. Every vg — S2 space is vg-S; and Every vg-S; space is vg-US. 

Now using the notion of sequentially continuous functions, we define the notion of sequen- 
tially vg-continuous functions. 

Definition 8.9. A function f is said to be sequentially vg-continuous at « € X if 
f(an) -”9 f(a) whenever < 2, >—"’9 X. If f is sequentially vg-continuous at all « € X, 
then f is said to be sequentially vg-continuous. 

Theorem 8.7. Let f and g be two sequentially vg-continuous functions. If Y is vg-US, 
then the set A = {x| f(x) = g(x)} is sequentially vg-closed. 

Proof. Let Y be vg-US and suppose that there is a sequence < %, > in A vg-converging to 
x € X. Since f and g are sequentially vg-continuous functions, f(x,) -”2 f(x) and g(a) "9 
g(x). Hence f(x) = g(x) and x € A. Therefore, A is sequentially vg-closed. 

Next, we prove the product theorem for vg-US spaces. 


Theorem 8.8. Product of arbitrary family of vg-US spaces is vg-US. 
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Proof. Let X = II,e,X) where X) is vg-US. Let a sequence < x, > in X vg-converges to 
x(= x) and y(= yy). Then the sequence < x, > vg-converges to x, and y) for all A € A. For 
suppose there exists a . € A such that < @,,, >4”9 x,. Then there exists a 7,,-vg-open set U 
containing x, such that < xp, > is not eventually in U . Consider the set U = PiyeaXy x Uy. 
Then U € vGO(X,2). Also, < 2, > is not eventually in U, which contradicts the fact that 
< Xn > vg-converges to X. Thus we get < 2p, > vg-converges to x) and y) for all A € A. 
Since X is vg-US for each X € A. Thus x = y. Hence X is vg-US. 


§9. Sequentially sub-vg-continuity 


In this section we introduce and study the concepts of sequentially sub-vg-continuity, se- 
quentially nearly vg-continuity and sequentially vg-compact preserving functions and study 
their relations and the property of vg-US spaces. 

Definition 9.1. A function f is said to be sequentially nearly vg-continuous if for each 
x € X and each sequence < 1, >—-"9 x € X, there exists a subsequence < typ > of < 2p > 
such that < f(anz) >"9 f(x). 

Definition 9.2. A function f is said to be sequentially sub-vg-continuous if for each 7 € X 
and each sequence < 2, >—-"9 x € X, there exists a subsequence < tnx > of < ty > anda 
point y € Y such that < f(a@ng) >” y. 

Definition 9.3. A function f is said to be sequentially vg-compact preserving if f(IC) is 
sequentially vg-compact in Y for every sequentially vg-compact set K of X. 

Lemma 9.1. Every function f is sequentially sub-vg-continuous if Y is a sequentially 
yvg-compact. 

Proof. Let < x, > be a sequence in X vg-converging to a point x of X. Then {f(x,)} is 
a sequence in Y and as Y is sequentially vg-compact, there exists a subsequence {f(anz)} of 
{f(an)} vg-converging to a point y € Y. Hence f is sequentially sub-vg-continuous. 

Theorem 9.1. Every sequentially nearly vg-continuous function is sequentially vg-compact 
preserving. 

Proof. Let f be sequentially nearly vg-continuous function and let K be any sequentially 
vg-compact subset of X. Let < y, > be any sequence in f(A). Then for each positive integer n, 
there exists a point x, € K such that f(xn) = yn. Since < x, > is a sequence in the sequentially 
vg-compact set K, there exists a subsequence < @n% > of < @%, >—"9 x € K. By hypothesis, f 
is sequentially nearly vg-continuous and hence there exists a subsequence < 2; > of < Iz > 
such that f(a;) -”9 f(x). Thus, there exists a subsequence < y; > of < yn > vg-converging 
to f(x) € f(K). This shows that f(A) is sequentially vg-compact set in Y. 

Theorem 9.2. Every sequentially vg-compact preserving function is sequentially sub-vg- 
continuous. 

Proof. Suppose f is a sequentially vg-compact preserving function. Let x be any point 
of X and < x, > any sequence in X vg-converging to x. We shall denote the set {x,|n = 
1,2,3,---} by A and K = AU {x}. Then K is sequentially vg-compact since 1, —"’9 X. 
By hypothesis, f is sequentially vg-compact preserving and hence f(K) is a sequentially vg- 
compact set of Y. Since {f(x,)} is a sequence in f(K), there exists a subsequence { f(2nx)} 
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of {f(xn)} vg-converging to a point y € f(K). This implies that f is sequentially sub-vg- 
continuous. 

Theorem 9.3. A function f : X — Y is sequentially vg-compact preserving iff fy~ : K — 
f(K) is sequentially sub-1g-continuous for each sequentially vg-compact subset K of X. 

Proof. Suppose f is a sequentially vg-compact preserving function. Then f(A) is sequen- 
tially vg-compact set in Y for each sequentially vg-compact set K of X. Therefore, by lemma 
9.1 above, f7~ : K — f(K) is sequentially vg-continuous function. 

Conversely, let K be any sequentially vg-compact set of X. Let < y, > be any sequence in 
f(&). Then for each positive integer n, there exists a point x, € K such that f(xy) = yn. Since 
< Xn > is a sequence in the sequentially vg-compact set K, there exists a subsequence < Linz > 
of < % > vg-converging to a point x € K. By hypothesis, f/x : K — f(K) is sequentially 
sub-yvg-continuous and hence there exists a subsequence < yng > Of < Yn > vg-converging to 
a point y € f(K). This implies that f(K) is sequentially vg-compact set in Y. Thus, f is 
sequentially vg-compact preserving function. 

The following corollary gives a sufficient condition for a sequentially sub-vg-continuous 
function to be sequentially vg-compact preserving. 

Corollary 9.1. If f is sequentially sub-vg-continuous and f(K) is sequentially vg-closed 
set in Y for each sequentially vg-compact set K of X, then f is sequentially vg-compact 
preserving function. 

Proof. Omitted. 
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81. Introduction 


Ever since the introduction of Fuzzy sets by L. A. Zadeh [4], the Fuzzy concept has invaded 
almost all branches of mathematics. The concept of Fuzzy topological spaces was introduced 
and developed by C. L. Chang ?!. Atanassov |! introduced the notion of intuitionistic fuzzy sets, 
Coker |] introduced the intuitionistic fuzzy topological spaces. In this paper we have introduced 
the concept of intuitionistic Fuzzy pre-G-irresolute functions and studied their properties. Also 
we have given characterizations of intuitionistic fuzzy pre-G-irresolute functions. We also study 


relationship between this function with other existing functions. 


§2. Preliminaries 


Definition 2.1.!!] Let X be a nonempty fixed set and J the closed interval [0,1]. An 
intuitionistic fuzzy set (IF'S) A is an object of the following form 


A= {< @, (2), Vv, (2) PLE Ah 


where the mappings w,(%) : X — I and v,(x) : X — I denote the degree of member- 
ship(namely) j1,,(“) and the degree of nonmembership (namely) v(x) for each element x € X 
to the set A respectively, and 0 < w,(x) +v,(x) < 1 for each x € X. 
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Definition 2.2.!!] Let A and B are IFS of the form A= < 2,14 (a),v,(") >;a © X and 
B=<2#,p,(£),v,(") >;" © X. Then 

(i) A C B if and only if w, (x) < w,(x) and v,(x) > v, (2); 

(i) Alor A°) = {< 2,04), 4 (2) >s0 € X}; 

(iii) AN B= {< 2, ,(4) Ap, (2), V4 (2) Vu,(a) >a € X}; 

(iv) AUB = {< a, p,(X) V uy(2), V4 (2) Av,(@) >3a © Xf. 

We will use the notation A = {< x, ,,v, >;2 © X} instead of A= {< 2,1, (x),V,4(x) > 
;@ © X}. 

Definition 2.3.4] 0. = {< 2,0,1>;2€ X} and1, ={<2,1,0>;2 € X}. 

Let a, 8 € [0,1] such that a+ 6 <1. An intuitionistic fuzzy point (IFP) pia,g) is 

(a, 8), ifa=p; 
(0,1), otherwise. 

Definition 2.4.[° Let pia,g) be an IFP in IFTS X. An IFS A in X is called an 
intuitionistic Fuzzy neighborhood (IFN) of prq,s) if there exists an JFOS B in X such that 
Pane eB CA. 

Let X and Y are two non-empty sets and f : (X,7) — (Y,c) be a function. 

IfB={< y,us(y),¥e(y) >sy € Y} isan IFS in Y, then the pre-image of B under f is de- 
noted and defined by f~'(B) = {< 2, f7'(u,(x)), f7 (vg (z)) >3 2 © X}. Since p(x), vz (x) 
are Fuzzy sets, we explain that f~1(u,(x)) = ,(z)(f(z)), f-(v,(x)) =v, (2)(f(z)). 

Definition 2.5.(4] An intuitionistic fuzzy topology (IFT) in Coker’s sense on a nonempty 


intuitionistic fuzzy set defined by piq,g)(@) = 


set X is a family 7 of intuitionistic fuzzy sets in X satisfying the following axioms: 

(i) OL,1. € 7; 

(ii) Gi Go € 7, for any G1, Go € 7; 

(iii) UG; € 7 for any arbitrary family {Gi;i € J} Cr. 

In this paper by (X,r) or simply by X we will denote the intuitionistic fuzzy topological 
space (IFTS). Each IF'S which belongs to 7 is called an intuitionistic fuzzy open set (IF'OS) 
in X. The complement A of an [FOS A in X is called an intuitionistic fuzzy closed set ([FCS) 
in X. 

Definition 2.6.4) Let (X,r) be an IFTS and A = {< 2,p,(x),v,(x) >;a € X} be an 
IFS in X. Then the intuitionistic fuzzy interior and intuitionistic fuzzy closure of A are defined 
by 

(i) cl(A) =(V{C : C is an IFCS in X and C D A}; 

(ii) int(A) = U{D: D is an [FOS in X and D C A}. 

It can be also shown that cl(A) is an [FC'S, int(A) is an [FOS in X and A is an IFCS 
in X if and only if cl(A) = A; Ais an IFOS in X if and only int(A) = A. 

Proposition 2.1.!4] Let (X,r) be an JFTS and A, B be IFSs in X. Then the following 
properties hold: 

(i) clA = (int(A)), int(A) = (cl(A)); 

(ii) int(A) C A C cl(A). 

Definition 2.7.!°] An IFS A in an IFTS X is called an intuitionistic fuzzy pre open 
set (IF POS) if A C int(clA). The complement of an IFPOS A in IFTS X is called an 
intuitionistic fuzzy pre closed (IF PC'S) in X. 
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Definition 2.8.6) An JFS A in an IFTS X is called an intuitionistic fuzzy a-open set 
(IFaOS) if and only if A C int(cl(intA)). The complement of an [FaOS A in X is called 
intuitionistic fuzzy a-closed (IFaC'S) in X. 

Definition 2.9.6) An JFS A in an IFTS X is called an intuitionistic fuzzy semi open 
set (IF SOS) if and only if A C cl(int(A)). The complement of an JF.SOS A in X is called 
intuitionistic fuzzy semi closed (IF'‘SC'S) in X. 

Definition 2.10.!'3] An IFS A in an IFTS X is called an intuitionistic fuzzy G-open 
set (IF GOS) (otherwise called as intuitionistic Fuzzy semi pre-open set) if and only if A C 
cl(int(clA)). The complement of an [F'GOS A in X is called intuitionistic fuzzy G-closed(IF'3C'S) 
in X. 

Definition 2.11.'%!°] Let f be a mapping from an IFTS X into an IFTS Y. The 
mapping f is called: 

(i) intuitionistic fuzzy continuous if and only if f~1(B) is an [FOS in X, for each [FOS 
Biny; 

(ii) intuitionistic fuzzy a-continuous if and only if f~'(B) is an I[FaOS in X, for each 
IFOS Bin Y; 

(iii) intuitionistic fuzzy pre continuous if and only if f~!(B) is an IFPOS in X, for each 
IFOS BinY; 

(iv) intuitionistic fuzzy semi contiunous if and only if f~'(B) is an IFSOS in X, for each 
IFOS BinyY; 

(v) intuitionistic fuzzy G-contiunous if and only if f~'(B) is an IFBOS in X, for each 
IFOS Biny. 

Definition 2.12.!7] Let (X,r) be an IFTS and A= {< 2,p,(x),v,(x) >;4 € X} be an 
IFS in X. Then the intuitionistic fuzzy 6-closure and intuitionistic fuzzy (-interior of A are 
defined by 

(i) Bcl(A) =(\{C': C is an IF'GCS in X and C D A}; 

(ii) Gint(A) = U{D: D is an IF GOS in X and DC A}. 

Definition 2.13. A function f : (X,r) — (Y,c) from a intuitionistic fuzzy topological 
space (X,7) to another intuitionistic fuzzy topological space (Y,c) is said to be intuitionistic 
fuzzy @-irresolute if f~'(B) is an IFGOS in (X,r) for each IFGOS B in (Y,c). 

Definition 2.14.!!) A function f : (X,7) — (Y,c) from a intuitionistic fuzzy topological 
space (X,7) to another intuitionistic fuzzy topological space (Y,c) is said to be intuitionistic 
fuzzy pre irresolute if f~1(B) is an IFPOS in (X,7) for each IFPOS B in (Y,o). 

Definition 2.15.!") A function f : (X,r) > (Y,c) from a intuitionistic fuzzy topological 
space (X,7) to another intuitionistic fuzzy topological space (Y,c) is said to be intuitionistic 
fuzzy pre-a-irresolute if f~1(B) is an IFPOS in (X,r) for each [FaOS B in (Y,c). 

Definition 2.16.!49! Let X be an IFTS. A family of {< x, 1G,(x),va,(2) >;i € J} 
intuitionistic fuzzy open sets (intuitionistic fuzzy pre-open sets) in X satisfies the condition 
1, = U{< 2, p14, (£), VG, (x) >;4 € J} is called a intuitionistic fuzzy open (intuitionistic fuzzy 
pre-open) cover of X. A finite subfamily of a intuitionistic fuzzy open (intuitionistic fuzzy 
pre-open) cover {< 2, g;(x),Vve,(%) >;i € J} of X which is also a intuitionistic fuzzy open 
(intuitionistic fuzzy pre-open) cover of X is called a finite subcover of {< x, uc,(x), VG, (x) > 
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s4€ J}. 
Definition 2.17.9] An IFTS X is called intuitionistic fuzzy precompact (pre Lindelof) 
if each intuitionistic fuzzy pre-open cover of X has a finite (countable) subcover for X. 


§3. Intuitionistic Fuzzy pre-(-irresolute functions 


Definition 3.1. A function f : (X,7) — (Y,¢c) from a intuitionistic fuzzy topological 
space (X,7) to another intuitionistic fuzzy topological space (Y,c) is said to be intuitionistic 
fuzzy pre-(-irresolute if f~1(B) is an IFPOS in (X,7) for each IFBOS B in (Y,o). 


IF pre-a-irresolute IF pre continuous 
\ / 
IF pre-(-irresolute 
J L a 


IF pre irresolute IF (-irresolute IF (@-continuous 


Proposition 3.1. Every intuitionistic fuzzy pre-(-irresolute function is an intuitionistic 
fuzzy pre-a-irresolute function. 

Proof. Follows from the definitions. 

However, the converse of the above proposition 3.1 needs not to be true, as shown by the 
following example. 

Example 3.1. Let X = {a,b}, Y= {c,d}, 7 ={0_, 1_,A} , c={0_, 1, B} where 








Define an intuitionistic fuzzy mapping f : (X,T) - (Y,c) by f(a) =, f(b) =d. B ia 
an IFaOS in (Y,o), since B C int(cl(int(B))) = B. f-\(B) = {< 2,(44,0%), (Sia) >: 
x € X}, and int(clf—1(B)) =1_. Thus f~1(B) C int(clf~!(B)). Hence f~1(B) is IFPOS in 


X, which implies f is IF pre-a-irresolute. C is an IF GOS in (Y,c) since C C cl(int(cl(C))) 
=. fC) = {< m(saro.a) (e.g) > 32 € X} and int(clf—1(C))) = 0,. So, f-1(C) 
¢ int(clf—1(C))). Thus f~1(C) is not JF POS in X. Hence f is not IF pre-(-irresolute. 

Proposition 3.2. Every intuitionistic fuzzy pre-G-irresolute is an intuitionistic fuzzy pre 
continuous. 

Proof. Follows from the definitions. 

However the converse of the above proposition 3.2 needs not to be true, in general as shown 
by the following example. 

Example 3.2. Let X = {a,b}, Y = {c,d}, 7 ={0_, 1_, A}, c={0_, 1_, B} where 





nt 


Aa{< ae a) ig ees 
B={< ygapa)loa ae yer}, 
Ont weet eet) yey} 


aS 
a eh 
as 
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Define an intuitionistic fuzzy mapping f :(X,7)-(Y,c) by f(a) = c, f(b) = d. B is an 
IPOS in (Y, @). FB) = 15 eG Sas), (Ga-08)># X} is an IFPOS in (X,7), since 
int(clf~1(B)) = 1, and f~!(B) C int(clf~'(B)). Hence f is an IF pre continuous. By 
previous example, f is not IF pre-(-irresolute. 





Proposition 3.3. Every intuitionistic fuzzy pre-G-irresolute is an intuitionistic fuzzy pre 
irresolute function. 

Proof. Follows from the definitions. 

However the converse of the above proposition 3.3 needs not be true, as shown by the 
following example. 

Example 3.3. Let X = {a,b}, Y = {c,d}, 7 ={0_, 1_, A}, o={0_, 1_, B} where 





A= {< 2,(gy.05)s(saag) >it € XI, 
B= 1< Ys sas05). (oS. 75) Sy ae 
C= a Ys (gS 505) (aac) Sy ie 








Define an intuitionistic fuzzy mapping f :(X,7)-(Y,o) by e fe c, f(b) = d. B is an 
IFOS in (Y, oc), and Bisan IF POS inY, since B c int(cl(B)) = ROBY aad ee 
(5, c25)>s2 € X}, and int(clf—1(B)) =1_. Thus f-1(B) C ae '(B)). Hence 1(B) is 
IFPOS in X, which implies f is IF pre irresolute. C is an IFS in Y. cl(int(cl(C))) = BS. 
Hence C C el(int(cl(C))). Thus Cis IFBOS in Y. f-'(C) = {< a, (4,75), (sack) >it € X} 
And int(cl f~!(C)) =0_. Since f~1(C) £ int(clf—'(C)), f~1(C) is not an JF POS in X. Hence 
f is not IF pre-(-irresolute. 





Proposition 3.4. Every intuitionistic fuzzy pre-(@-irresolute is an intuitionistic fuzzy G- 
irresolute function. 

Proof. Follows from the definitions. 

However the converse of the above proposition 3.4 needs not be true, in general as shown 
by the following example. 

Example 3.4. Let X = {a,b}, Y = {c,d}, 7 ={0_, 1_, A}, o={0_, 1_, B} where 





= (tiga: (agian) ce X}, 
B= 1< 9G <4), (s5.c%)>: wey: 





Define an intuitionistic fuzzy mapping f :(X,7)-(Y,c) by f(a) = d, f(b) = c. B ia an 
IF BOS in (Y,c) since B C el(int(cl(B))) = B%, and f-'(B) = {< 2,(s5,94), (gaia) sx 
X}, since f~1(B) C el(int(clf—(B))) = A°. So f-*(B) is an IFGOS in X. Thus f is [F'G- 
irresolute. B is an IF GOS in (Y,o), and int(clf~'(B)) = A. So f~'(B) ¢ int(elf~1(B)). 
Hence f~+(B) is not [FPOS in X . So f is not IF pre-G-irresolute function. 


Proposition 3.5. Every intuitionistic fuzzy pre-(-irresolute function is an intuitionistic 





fuzzy @-continuous function. 

Proof. Follows from the definitions. 

However, the converse of the above proposition 3.5 needs not to be true, as shown by the 
following example. 

Example 3.5. Let X = {a,b}, Y = {c,d}, 7 ={0_, 1_,A} , c={0_, 1_, B} where 





A={< a,( eee) (gaye) > @ XI; 
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B= {< Ysa c45) (as c&) >: YE vy 
C= {< Ys (ssa): (aoc) >: ye Y}. 





Define an intuitionistic fuzzy mapping f : (X,T) — (Y,c) by f(a) =, f(b) =d. B ia 
an IFOS in (Y,o). fo'(B) = {< a,(g.q3). (gaia) >; @ € Xd, and el(int(df-1(B))) = 
1_. Thus f~'(B) C el(int(clf~'(B))). Hence f~1(B) is IFBOS in X, which implies f is IF 
G-continuous function. C ia an IFGOS in (Y,c) since C C el(int(el(C))) = 0°. f7'(C) = 
{< 2,(5%4, 2) (oe. a%)>; & € X} and int(df-'(C))) =0,. So, f-*(C) Z£ int(df-'(C))). 
Thus f~1(C) is not [FPOS in X. Hence f is not IF pre-(-irresolute. 

Theorem 3.1. IF f is a function from an IFTS (X,7) to another [FTS(Y,c) then the 
followings are equivalent: 

(a) f is IF pre-(-irresolute, 

(b) f-1(B) C int(clf—1(B)) for every IFBOS Bin Y, 

(c) f-1(C) is IF pre closed in X for every IF'G-closed set C in Y, 

(d) cl(intf—1(D)) C f-'(Bel(D)) for every IFS D of Y, 

(e) f(cl(int(E))) C Bdl(f(E)) for every IFS E of X. 

Proof. (a) = (b). Let B be IFGOS in Y. By (a), f~1(B) is IF pre open in X. > 
f-*(B) C int(clf~1(B)). Hence (a) = (b) is proved. 

(b)=(c). Let C be any IF8CS in Y, then C be IFBOS in Y. By (b), f-1(C) C 
int(clf—1(C)). But f-!(C) C int(el(f-!(C))= int(intf-!(C)) = el(intf-!(C) which implies 
f-1(C) C cl(intf—-1(C). Thus el(intf—1(C)) C f-1(C). Hence f—1(C) is IF pre closed in X. 
Hence (b)=(c) is proved. 

(c)=(d). Let D be IFS in Y, then @cl(D) is a IF B-closed in Y. = f~1(Gel(D)) is IF 
pre closed in X. Then cl(intf~(Gcl(D))) C f7'(Gcl(D)). Thus we have cl(intf~!(D)) ¢ 
f—*(Gel(D)). Hence (c)=(d) is proved. 

(d)=(e). Let E bean IFS in X. cl(int(E)) C cl(int(f-1(f(B)))) C el(int(f-1(Bel(f(E))) 
)) © f*(Bel(f(E))), then, el(int(E)) € f~*(Gel(f(B)). We get f(cl(int(B))) © Bel(f(B)). 
Hence (d)=(e) is proved. 

(e)=(a). Let B be IF3-open set in Y. Then f~!(B) = f-!(B) is an IFS in X. By (e), 
f(el((int(f~*(B)))) © Bel(f(f-*(B))) © Bel(B) = FintB = B. 

Thus 























f(d(int(f-"(B))) CB. (1) 


Consider, 





int(el(f-1(B))) = (elf -1(B))) = el(int((f-1(B)))) = el(int((f-*(B)) 


c (fo (F(cl(int((f-*(B))). (2) 


By (1), (2); MAAG=NB)) © f-(F(allint((F-"(B)))) © f-(B)) = FB). Thus, 
f-*(B) C int(cl(f~'(B)). Hence f~'(B) is an IF pre open in X. Therefore f is IF pre-/- 
irresolute. Hence (e)=-(a) is proved. 
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84. Properties of intuitionistic fuzzy pre-(@-irresolute func- 


tions 


The following four lemmas are given here for convenience of the reader. 

Lemma 4.1.!4] Let f : X — Y be a mapping, and A, be a family of IF sets of Y. Then 

(a) f-*(U Aa) = U f-*(Aa); 

(b) f-'(N Aa) = A f-*(Aa).- 

Lemma 4.2.!7] Let f : X; — Y; be a mapping and A, B are IF'Ss of Y; and Y2 
respectively then (f1x f2)~!(A x B) = f17~\(A) x fo7}(B). 

Lemma 4.3.!"] Let g: X — X x Y be a graph of a mapping f : (X,r)—(Y,c). If A and 
B are IF Ss of X and Y respectivly, then g- (1, xB) = (1, N f~1(B)). 

Lemma 4.4.!7] Let X and Y be intuitionistic fuzzy topological spaces, then (X,r) is 
product related to (Y,o) if for any IFS C in X, D in Y whenever A J C, B D D implies A 
x1, U1. x BDC x D there exists A; € 7, By € o such that Ay D C and By D D and Ay 
x1, U1, *Bi=Ax1, U1, xB. 

Lemma 4.5. Let X and Y be intuitionistic fuzzy topological spaces such that X is product 
related to Y. Then the product A x B of IFGOS Ain X andalFGOS Bin Y isa IFBOS 
in Fuzzy product spaces X x Y. 

Theorem 4.1. Let f: X — Y be a function and assume that X is product related to Y. 
If the graph g: X — X x Y of f is IF pre-(-irresolute, so is f. 

Proof. Let B be IFGOS in Y. Then by lemma 4.3 f~'(B) = 1_Nf7'(B) =g71(1_ x B). 

Now 1_xB isa IFGOS in X x Y. Since g is IF pre-(-irresolute then g~'(1_ xB) is IF 
pre open in X. Hence f~!(B) is IF pre open in X. Thus f is IF pre-(@-irresolute. 

Theorem 4.2. If a function f : X — ITY; is a IF pre-(-irresolute, then Pjo f: X — Y; 
is IF pre-(@-irresolute, where P; is the projection of ITY; onto Y—1. 

Proof. Let B; be any IF GOS of Y;. Since P; is TF’ continuous and [FOS, it is TFGOS. 
Now P;: 11 Y; — Yi; P;~1(B;) is IFGOS in I Y;. Therefore, P; is IF G-irresolute function. 
Now (P;of)~1(B;) = f-1 (P;~'(B,)), since f is IF pre-G-irresolute and P;~'(B;) is IFBOS, 
f-* (Pi7\(B;)) is IFPOS in X. Hence (Pjof) is IF pre-(-irresolute. 

Theorem 4.3. If f; : X; — Yi,(i = 1,2) are IF pre-(-irresolute and X , is product 
related to X2 then fy x fo: X 1x X2 — Y1 x Yo is IF pre-(-irresolute. 

Proof. Let C = (A; x B;) where A; and B; are IF'G open sets of Y; and Y9 respectively. 
Since Yj is product related to Y2 , by previous lemma 4.5, that C = L(A; x B;) is [F'G-open 
of Y; x Yo. Then by lemma 4.1 and 4.2 we have (f1x f2)~1(C) = (fix fe) “U(Ai x Bi) =U 
(f1—'(Ai) x f27*(Bi)). Since f; and f2 are IF pre-(-irresolute, (f1x f2)~'(C) is an IFPOS 
in X, x Xq and hence f, x fo is JF pre-G-irresolute function. 

Definition 4.1.) Let (X,r) be any IFT and let A be any IFS in X. Then A is called 
IF dense set if clA = 1, and A is called nowhere IF' dense set if int(cl(A)) = 0_. 

Theorem 4.4. If a function f : (X,7) — (Y,c) is IF pre-@-irresolute, then f~1(A) is IF 
pre closed in X for any nowhere IF’ dense set A of Y. 


Proof. Let A be any nowhere IF’ dense set in Y. Then int(clA) = 0_. Now, int(clA) = 


1. => d(cl(A)) = 1. which implies cl(int(A)) = 1_. 
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Since intl, = 1_, el(int(A)) C el(int(clA)). So A C 1, = el(int(A) C el(int(clA). Hence 
A C el(int(clA))). Then A is IFGOS in Y. Since f is IF pre-(-irresolute, f~1(A) is IF pre 
open set in X. Hence f~1(A) is JFPCS in X. 

Theorem 4.5. A mapping f : X — Y from an JFTS X into an IFTS Y is IF pre-- 
irresolute if and only if for each IF'P piq,g) in X and IFGOS B in Y such that f(p(a,8))€ B, 
there exists an JFPOS A in X such that piq,g) € A and f(A) C B. 

Proof. Let f be any JF pre-(-irresolute mapping, p(q,3) be an JF’P in X and B be any 
IFBOS in Y such that f(pia,a)) € B. Then pra,gy) € f~'(B). Let A = f~'(B). Then A is an 
IF POS in X which containing IF P pyq.g) and f(A) = f(f~*(B)) CB. 

Conversely, let B be an JFGOS in Y and pia,g) be IFP in X such that pias) € F-"(8):; 
According to assumption there exists JF POS A in X such that piq,g) € A and f(A) C B. 

Hence pra,a) € AC f~(B). We have pra,a) € A € int(clA) C int(clf—'(B)). Therefore, 
f-*(B) C int(clf-1(B)). So f is IF pre-(-irresolute mapping. 

Theorem 4.6. A mapping f : X — Y from an JFTS X into an IFTS Y is IF pre-- 
irresolute if and only if for each [FP piq,g) in X and IFGOS B in Y such that f(p(a,g)) € 
B, cl(f-1(B) is IFN of IFP pia.) in X. 

Proof. Let f be any IF pre-(-irresolute mapping, piq,g) be an JF'P in X and B be any 
IFBOS in Y such that f(pa,a)) € B. Then pia,a) € f~*(B) C int(cl(f-*(B))) C el(f7*(B)). 

Hence cl(f~!(B)) is IFN of pia,g) in X. 

Conversely, let B be any [FGOS in Y and pra,g) be IF P in X such that f(pia,ay) € B. 
Then pia,a) € f~'(B). According to assumption cl(f~'(B)) is IFN of IFP pia,g) in X. So 
P(a,e) © int(cl(f—*(B))). So, f~*(B) © int(el(f—'(B))). Hence f~'(B) is IFPOS in X. 
Therefore f is IF’ pre-G-irresolute. 

Theorem 4.7. The followings hold for functions f: X — Y and g:Y — Z. 

(i)If f is IF pre-G-irresolute and g is IF (-irresolute then go f is IF pre-(-irresolute. 

(ii)If f is IF pre-G-irresolute and g is IF’ 6-continuous then go f is IF pre continuous. 

(iii)If f is IF pre irresolute and g is IF pre-(-irresolute then go f is IF’ pre-(-irresolute. 

Proof. (i) Let B be an IFGOS in Z. Since g is IF (-irresolute, g~!(B) is an IFGOS in 
Y. Now (go f)~1(B) = f-1(g71(B)). Since f is IF pre-(-irresolute, f~1(g~'(B)) is IFPOS 
in X. Hence go f is IF’ pre-G-irresolute. 

(ii) Let B be IFOS in Z. Since g is IF G-continuous, g~'(B) is an IFGOS in Y. Now 
(go f)-1(B) = f-t(g7\(B)). Since f is IF pre-G-irresolute, f~!(g~1(B)) is IFPOS in X 
which implies go f is JF’ pre continuous. 

(iii) Let B be an IFBOS in Z. Since g is IF pre-G-irresolute, g~!(B) is an IFPOS in Y. 
Now (go f)~1(B) = f-1(g71(B)). Since f is IF pre irresolute, f~1(g~1(B)) is TFPOS in X. 
Hence go f is IF pre-(-irresolute. 


§5. Preservation of some intuitionistic fuzzy topological 


structure 


Definition 5.1. An IFTS (X,7) is IF'G-disconnected if there exists intuitionistic fuzzy 
G-open sets A, Bin X, A#0_,B4#0_ such that AUB=1_ and ANB=0.. If X is not 
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IF 6-disconnected then it is said to be 1 F'G-connected. 

Proposition 5.1. Let f : (X,7) — (Y,co) be a IF pre-G-irresolute surjection, (X, 7) is 
an IF'3-connected, then (Y,c) is IF G-connected. 

Proof. Assume that (Y,c) is not IF’ 3-connected then there exists nonempty intuitionistic 
fuzzy 3-open sets A and B in (Y,o) such that AUB=1_ and ANB=0.. Since f is IF pre- 
G-irresolute mapping, C = f~!(A) 4 0_ and D= f~'(B) 4 0_ which are intuitionistic fuzzy 
pre-open sets in X and hence intuitionistic Fuzzy G-open sets in X. And f~!(A)U f~1(B) = 
f-'(1.) =1, which implies CUD =1.. 

f-(A)nf7l(B) = f-1(0_) =0_ which implies COD = 0_. Thus X is [F'G-disconnected, 
which is a contradiction to our hypothesis. Hence Y is I F’'G-connected. 

Definition 5.2. Let X bean IFTS. A family of {< x, uag,(x), ve, (%) >;1 € J} intuition- 
istic fuzzy 3-open sets in X satisfies the condition 1, =U {< 2, we, (x), va, (x) >; i € J} is called 
a IF'G-cover of X. A finite subfamily of a [F'G-open cover {< 2, ig,(x), VG, (x) >i € J} of X 
which is also a [F'G-open cover of X is called a finite subcover of {< 2, ue,(x), Ve, (x) >;7 € J}. 

Definition 5.3. A space X is called Intuitionistic Fuzzy G-compact (Lindelof) if every 
intuitionistic fuzzy G-open cover of X has a finite (countable) subcover. 

Theorem 5.1. Every surjective Intuitionistic Fuzzy pre-(@-irresolute image of a intuition- 
istic fuzzy precompact space is intuitionistic fuzzy G-compact. 

Proof. Let f : (X,7T) — (Y,c) be intuitionistic fuzzy pre-G-irresolute mapping of a 
intuitionistic fuzzy precompact space (X,7) onto a space — (Y,a). Let {Gi(i € I)} be any 
intuitionistic fuzzy-G-open cover of (Y,c). Then {f~1(G;)(i € I)} is a intuitionistic fuzzy pre 
open cover of X. Since X is intuitionistic fuzzy precompact, there exists a finite subfamily 
{f~'(Gi,)G = 1,2,-++,n)} of {f71(Gi)(@ € I)} which covers X. It follows that {G;,(j = 
1,2,--- ,n)} is a finite subfamily of {G;(i € I)} which covers Y. Hence Y is intuitionistic fuzzy 


(-compact. 
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81. Introduction 


Given any sequence of numbers, co, C1, --* ,Cn—1, we can form circulant matrices. From 
[2], circulant matrices have four types: the right circulant, the left circulant, the skew-right 
circulant and the skew-left circulant and take the following forms, respectively: 


Co Cy C2 °°*  Cn-2 Cn-1 
Cn—-1 Co Cy *** Cn-3 Cn—-2 
Cn—2 Cn—-1 co oe Cn—-4 Cn—3 
RCIRC,(2) =| a } a he (1) 
C2 C3 Cay. ote co Cy 
Cy C2 C3 tt Cn Co 
Co Cy C2 ***  Cn-2 Cn-1 
C1 c2 C3 tt Cn-1 Co 
C2 c3 CAr, She Co Ci 
LCIRC,(@) =| ot ; . | (2) 
Cn—-2 Cn-1 Co aa Cn—-4 Cn—3 


Cn—-1 Co Cy «** Cn-3 Cn-2 
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Co Cl C2 si Cn—2 Cn-1 
—Cyn—-1 Co Cy — Cn—3 Cn—2 
—Cn—2 —Cyn-1 co “—* Cn—4 Cn—3 
SRCIRC,(@) = ; ; |. (3) 
C2 C3 Ca. ree Co Cy 
Cy C2 C3 8 En-1 Co 
Co C1 C2 nave Cn—2 Cn-1 
Cy c2 C3 rane Cn—-1 —Co 
C2 C3 C4 seers —Co —C, 
SLCIRC,(@) = (4) 
Cn—-2 Cn—-1 —Co = —Cn-4 —Cn—3 
Cn-1 —Co —C, ***  ~C€n—-3 —Cn—-2 
In each matrix, ¢ = (co, ¢1,-°*+ ;€n—1) is called the circulant vector. 


The said matrices have significant applications in different fields. These fields include 


physics, image processing, probability and statistics, number theory, geometry, numerical so- 


lutions of ordinary and partial differential equations [?! 


[4] 


, frequency analysis, signal processing, 


digital encoding, graph theory I], and time-series analysis ). 


§2. Preliminaries 


In this section, we shall use diag(co, c1,--+ ,Cn—1) to denote the diagonal matrix 
co O O =: 0 0 
0 cg O =: 0 0 
0 0 c =: 0 0 
0 0 0 Cn—2 0 
0 0 0 -:-: 0 en-1 
and adiag(co, Ci,*** ;Cn—1) to denote the anti diagonal matrix 
0 0 O 0 © 
0 0 O c, 0 
0 0 O 0 O 
0 cr-2 O 0 O 


Cn—1 0 OO: O O 
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Note that these matrices are not necessarily circulant. 
Now, we define the Fourier matrix to establish the relationship of the circulant matrices. 


Definition 2.1. The unitary matrix F;, given by 








1 1 1 1 1 
1 ow w? wr? wrt 
1 1 Ww w4 (y2(n—2) w2(n—1) 
1 wr-2 y2(n—2) Sets y(n 2)(n—2) yy” 1)(n—2) 
1 wrt w2(n—1) rade mw 2)(n—1) yy 1)(n—-1) 
where w = e?'7/" is called the Fourier matrix. 


Here are the equations that show the relationship between the circulant matrices: 


RCIRG, (=F, DF* (6) 


n ? 


where € = (co, ¢1,°** ,€n—1) and D = diag(do, d1,--+ ,dn—1). 
LCIRC,(¢€) = URCIRC, (0), (7) 


where € = (c¢9,C€1,°°* ,Cn-1), D = diag(do,di,--+ ,dn-1), TI = (an n*n 


matrix), [,-1 = adiag(1,1,--- ,1,1) (an (n — 1) * (n — 1) matrix), O; = (0,0,--- ,0,0) (an 
(n — 1) * 1 matrix). 

SRCIRC,(@) = AF, DF,'A“}, (8) 
where € = (C9,€1,°** ;€n—1); D = diag(do, d1,--- ,dn_1), A = diag (1,0,-+° es and @ = 
in/n 
ere, 


SLCIRC,(@) = SSRCIRC,(@), (9) 


where € = (c9,¢1,°** ,Cn—1), D = diag(do, di,--- ,dn—1), A = diag (1,8, vee Pas 
1 O, L\ Fe F 
= om 2 (an n* n matrix), In; = adiag(1,1,---,1,1) (an (n — 1) x (n— 1) 
{ - 
matrix), O, = (0,0,--- ,0,0). 
The matrices II and © are orthogonal meaning I] = H7 = 7! and ) = ©? = Y7?. In 
case of right multiplication with these matrices, we have the following results from [1]: 


1. RCIRC,(QU = LCIRC, (7) where ¢= (co,¢1,-++ ,Cn—1) and 


F = (Co, Cn—1; Cn—2,°°* »€2,C1), 


2. SRCIRC,,(Qu = SLCIRC,(p) where €= (co, ¢1,°++ ,Cn—1) and 


ae 
p= (co, —C€n—1, —Cn—2,°°* » —€2, ci) 7 
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§2. Preliminary results 


For the rest of the paper we shall use the following notations: 


1. The set of complex right circulant matrices 


RCIRC,(C) = {RCIRC,(9| Ze C"}, 


2. The set of complex left circulant matrices 


LCIRC,(C) = {LCIRC,()| @¢ C"}, 


3. The set of complex skew-right circulant matrices 


SRCIRC,(C) = {SRCIRC,(@)| @€ C"}, 


4. The set of complex skew-left circulant matrices 


SLCIRC,,(C) = {SLCIRC,(4| @€ C"}, 


6. sing = Sa], 
7. cosx = Cia], 
8. sinha = Sha], 
9. cosha = Chi]. 
From [2], it has been shown that: 
1. the sum of circulant matrices of the same type is a circulant matrix of the same type, 
2. the product of right circulant matrices is a right circulant matrix, 
3. the product of skew-right circulant matrices is a skew-right circulant matrix. 


For the other products, we have the following lemmas which will be used to prove our 
results: 

Lemma 2.1. The product of two left circulant matrices is a right circulant matrix. 

Proof. 


LCIRC,,(@)LCIRC,(b) 
= IIRCIRC,(a)IIRCIRC,(b) 
= IILCIRC,(a&)RCIRC,(b) 


(a 
= RCIRC,(a&RCIRC,(b) € RCIRC,(C). 


Lemma 2.2. The product of a left circulant and a right circulant is a left circulant matrix. 
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Proof. 
Case 1 


Case 2 


RCIRC,,(@)LCIRC,,(b) 
= RCIRC,(a@URCIRC,(b) 
LCIRC,,(&)RCIRC,() 

(a (b 


= IIRCIRC,(&)RCIRC,(b) € LCIRC,(C). 


LCIRC,,(b) RCIRC,,(@) 
= IIRCIRC,,(b)RCIRC,(b) € LCIRC,(C). 


Lemma 2.3. The product of two skew-left circulant matrices is a skew-right circulant 


matrix. 


Proof. 


SLCIRC,,(@)SLCIRC,,(b) 
= YSRCIRC,(a@)U=SRCIRC,(b) 
= YSLCIRC,(a)SRCIRC,(b) 
= SRCIRC,(a)SRCIRC,(b) € SRCIRC,(C). 


Lemma 2.4. The product of a skew-left circulant and a skew-right circulant is a skew-left 


circulant matrix. 
Proof. 
Case 1 


Case 2 


Lemma 2.5. 


Lemma 2.6. 


SRCIRC,,(@)SLCIRC,,(b) 
= SRCIRC,(a@=SRCIRC,(b 
= SLCIRC,(a)SRCIRC,,(b) 
= YSRCIRC,(a&SRCIRC,(b) € SLCIRC,(C). 


b) 


SLCIRC,,(b)SRCIRC,,(@) 
= YSSRCIRC,(b)SRCIRC,(a@) € SLCIRC,(C). 


If k is odd, LCIRC*(@) € LCIRC*(C); 
If k is even, LOIRC*(@) € RCIRC*(C). 


If k is odd, SLCIRC*(@) € SLCIRC(C); 
If k is even, SLCIRC*(@) € SRCIRCK(C). 
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§3. Main results 


Theorem 3.1. EF [RCIRC,,(0)] is a right circulant matrix. 


Proof. 


E[RCIRC,(2)] 


It takes the form of Eq. 6, so it is a right 


+oo 


oe 


k=0 
+oo 


De 


k=0 


[RCIRCK(®) 
k! 


[F,DFz*]" 
k! 








circulant matrix. 


Theorem 3.2. E[LCIRC,(@)] is a sum of right circulant matrix and a left circulant 











matrix. 
Proof. 
t& [LCIRC# (2) 
E|LCIRC,(@| = a il 
_ S Lorro*@] | & [oreo] 
- rae a= (2k +1)! 


The first summand is a right circulant matrix because the powers of LCIRC,(¢) are even 


while the second summand is a left circulant matrix because the powers of LCI RC(é) are odd. 
Theorem 3.3. E [SRCIRC,,(¢)] is a skew-right circulant matrix. 


Proof. 





E[SRCIRC,()] 











+2 [SRCIRCE (2) 
= >, 
a k! 
. An pe A" 
» k! 
+oo nk 
= AF, Me aA. 
k=0 — 





It takes the form of Eq. 8, so it is a skew-right circulant matrix. 
Theorem 3.4. E[SLCIRC,,(@)] is a sum of skew-right circulant matrix and a skew-left 


circulant matrix. 
Proof. 


+00 


Ss 


k=0 


+00 


Dy 


k=0 


E[SLCIRC, (8) 





[SLCIRC?*(é)] 


[SLCTRCE(é)] 


k! 
+00 


=0 


[SLCIRC2*+1(a)] 
(2k +1)! 





(2k)! 
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The first summand is a skew-right circulant matrix because the powers of SLCIRC,(€) 


are even while the second summand is a skew-left circulant matrix because the powers of 


SLCIRC(¢) are odd. 


Theorem 3.5. S[RCIRC,,()] is a right circulant matrix. 
Proof. 


+00 


+ rl 


k=0 


RCIRC2*+*) 
(2k +1)! 
| 2k+1 





S[RCIRC,,(2)] 





+00 


a vel 


k=0 


F,DF;} 
(2k +1)! 





+00 D2k+1 


ee cian 1)! 


k=0 


Fol, 


Fr 








It takes the form of Eq. 6, so it is a right circulant matrix. 
Theorem 3.6. S[ZCIRC,,(0)] is a left circulant matrix. 





Proof. 
+00 Qk+1 
7 , LCTRCZ | 
S|[LCIRC,(@)| = 2 ae ee 


Since the powers of LCIRC,(vecc) are odd, it is a left circulant matrix. 
Theorem 3.7. S[SRCIRC,,(0)] is a skew-right circulant matrix. 














Proof. 
— SRCIRC2**1| 
i = 1)* | : 
S[SRCIRC,,(2)] »| eR LAN 
+oo ae _472k+1 
- y-0! [ApDE A 
ae (2k + 1)! 
k pee 1 1 
= AF, d(-Y) kD BOA. 








It takes the form of Eq. 8, so it is a skew-right circulant matrix. 
Theorem 3.8. S[SLCIRC,,(¢)] is a skew-left circulant matrix. 





Proof. 
+00 2k+1 
SECTIRG* "| 
LCIRC,, = 1 el a 
S[SLCIRC,(2)] 2 ) kL 


Since the powers of SLCIRC,,(vecc) are odd, it is a left circulant matrix. 
Theorem 3.9. C[RCIRC,,(0)] is a right circulant matrix. 


110 


Aldous Cesar F. Bueno 


No. 








Proof. 
Oy yp RCIRC?* (8) 
C[RCIRC,(4] = »| 1)" 
+00 [F,DFz1]"* 








= Rae Sn 
= 2 1 OR! 
~ a if 


a) (2k)! 


k=0 





n- 





It takes the form Eq. 6, so it is a right circulant matrix. 
Theorem 3.10. C[LCIRC,,(0)] is a right circulant matrix. 
Proof. 
+00 
ECIRC?2*(é) 
C[LCIRC,, = 1)* na 
@ = Yaa 


k=0 





Since the powers of LCI RC,,(€) are even, it is a right circulant matrix. 
Theorem 3.11. C[SRCIRC;,,(0)] is a skew-right circulant matrix. 
Proof. 

— SRCIRC?* (@) 

C [SRCIRC,, = 1 n 

| @ = Deyo 


k=0 








= AF,DF,A-|" 


= 2 yi! - Qk)! 


k=0 
+00 2k 
D 
3 _1)k P1A-1, 
2 ) aay 





= AF, 





It takes the form Eq. 8, so it is a right circulant matrix. 
Theorem 3.12. C[SLCIRC,,(0)] is a skew-right circulant matrix. 
Proof. 
+00 : 
, SLCIRC2*(e) 


C[SLCIRC,(2] = > -(-1) Gn 
k=0 , 





Since the powers of SECIRC,,(¢) are even, it is a skew-right circulant matrix. 


Theorem 3.13. Sh[RCIRC;,,(@)] is a right circulant matrix. 
Proof. 


[RCIRC2*+1(2)] 
(2k +1)! 
uae 





Sh[RCIRC,(2] = 





[F,DF, 
(2k + 1)! 





TOO 
k=0 
+CO 
k=0 
+00 p2k+1 


= Fn > +i) 


n- 
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It takes the form of Eq. 6, so it is a right circulant matrix. 
Theorem 3.14. Sh[LCIRC,,(é)] is a left circulant matrix. 





Proof. 
+00 2k4+1 
[LCIRCI**'(e)] 
LCI =. 
Sh(LCIRC,,(0] a. (kh +1)! 


Because the powers of LCI RC;,,(¢) are odd, it is a left circulant matrix. 
Theorem 3.15. Sh[SRCIRC,,(0)] is a skew-right circulant matrix. 
Proof. 


+ [SRCIRC2*+1(e)] 


a. Gk+ Hy 


k=0 





Sh[SRCIRC,,(2)] 








7 el [AF,DF;4-1]**" 
> (2k+1)! 
k=0 
TOO p2k+1 ; : 
” > +i) " 








It takes the form of Eq. 8, so it is a skew-right circulant matrix. 
Theorem 3.16. Sh[SLCIRC,,(0)] is a skew-left circulant matrix. 
Proof. 


00 2k+1 
[SLCIRC2 
Sh[SLCIRC,(@)] -> Ok+ i 8] 


=0 





Because the powers of SECIRC,,(¢c) are odd, it is a skew-left circulant matrix. 
Theorem 3.17. Ch|RCIRC,,(@)] is a right circulant matrix. 
Proof. 
+00 2k 
Ch[RCIRC,(@] = eal ae Heese 
k=0 
5 aDr [Fn a aT 


k=0 


= F, 





+90 pD2k ms a 


It takes the form of Eq. 6, so it is a right circulant matrix. 
Theorem 3.18. Ch |LCIRC,,(0)] is a right circulant matrix. 
Proof. 


+00 [L T 2k 
Ch[LCIRC,(@)| nae a eR | 


=0 


Because the powers of LCI RC,,(¢) are even, it is a right circulant matrix. 
Theorem 3.19. Ch[SRCIRC,,(0)] is a skew-right circulant matrix. 
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Proof. 


+00 2k 
se 
Ch[SRCIRC,,(2)| Y Lene TCH 


k=0 
7 aaa 


k=0 





+00 D2k 


It takes the form of Eq. 8, so it is a skew-right circulant matrix. 
Theorem 3.20. Ch[|SLCIRC;,,(0)] is a skew-right circulant matrix. 
Proof. 


= Ae, FAS, 








+90 2k 

see 
Ch[SLCIRC,,(2)] - eo 
=0 


Because the powers of SLCIRC;,,(é) are even, it is a skew-right circulant matrix. 


§4. Conclusion 


Right and skew-right circulant matrices remains invariant on their type when evaluated on 
trigonometric and hyperbolic functions that are used in this paper. On the other hand, the left 
and skew-left circulant matrices change their type depending on the parity of the trigonometric 
and hyperbolic function. 
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§1. Introduction and preliminaries 


The concept of fuzzy sets was introduced by Zadeh |! and later Atanassov [!) generalized 
the idea to intuitionistic fuzzy sets. On the other hand, Coker ?! introduced the notions of 
an intuitionistic fuzzy topological spaces, intuitionistic fuzzy continuity and some other related 
concepts. The concept of an intuitionistic fuzzy a-closed set was introduced by H. Gurcay and 
D. Coker ®!, The concept of fuzzy grill was introduced by Sumita Das, M. N. Mukherjee ', 
Erdal Ekici |! studied slightly precontinuous functions, separation axioms and pre-co-closed 
graphs in fuzzy topological space. In this paper, the concepts of an intuitionistic fuzzy grill, 
intuitionistic fuzzy Y structure space, intuitionistic fuzzy dg,,,, set and intuitionistic fuzzy ag,,, 
open set are introduced. Some interesting properties of separation axioms in intuitionistic fuzzy 
grill structure space with intuitionistic fuzzy E4,_, continuous function are established. 


§2. Preliminaries 


Definition 2.1.!!] Let X be a nonempty fixed set and I be the closed interval [0,1]. An 
intuitionistic fuzzy set (IFS) A is an object of the following form A = {(a, wa(x), ya(x)) 2 uv € 
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X}, where the mappings wa : X —> I and y4 : X —> I denote the degree of membership 
(namely j14(a)) and the degree of nonmembership (namely y4(x)) for each element x € X to 
the set A, respectively, and 0 < wa(x) + ya(x) < 1 for each « € X. Obviously, every fuzzy set 
A on a nonempty set X is an IFS of the following form, A = {(a, wa(a),1— ua(x)): a © X}. 
For the sake of simplicity, we shall use the symbol A = (x, 4,7a) for the intuitionistic fuzzy 
set A= {(x, wa(x), ya(a)) : a © X}. 

Definition 2.2.!] Let X be a nonempty set and the JF'Ss A and B in the form 
A= {(x, a(x), ya(v)): 2 € X} and B= {(x, up(x), ya(x)) : a2 € X}. Then 

(i) AC B iff wa(x) < wp(x) and ya(x) > ya(a) for alla € X, 

(ii) A= {(x,7a(x), a(a)) : 2 € X}, 

(iii) AN B = {(a, w(x) A pp(2), ya(2) V yB(a)) : @ © XF, 

(iv) AUB= {(a, wa(@) V ua(@), ya(@) A yB(@)) : @ © X}. 

Definition 2.3.!) The JFSs 0~ and 1. are defined by 0.={(x,0,1) : 2 € X} 
and 1.={(a#,1,0):a€ X}. 

Definition 2.4.7) An intuitionistic fuzzy topology (IFT) in Coker’s sense on a nonempty 
set X is a family 7 of [F'Ss in X satisfying the following axioms: 

(i) OV, 1A ET, 

(ii) Gy N Gg € r for any G1, G2 € 7, 

(iii) UG; € 7 for arbitrary family {G; | i € I} Cr. 

In this case the ordered pair (X, 7) is called an intuitionistic fuzzy topological space (IF T'S) 
on X and each [FS in 7 is called an intuitionistic fuzzy open set ([FOS). The complement A 
of an IFOS Ain X : called an intuitionistic fuzzy closed set (IF'C'S) in X. 

Definition 2.5.2] Let A be an IFS in IFTS X. Then int(A) = U{G| G is an IFOS in 
X and G C A} is called an intuitionistic fuzzy interior of A; cA =(\{G| Gis an IFCS in X 
and G > A} is called an intuitionistic fuzzy closure of A. 

Proposition 2.6.) For any JF'S A in (X,T) we have 

(i) cl(A) = int(A), 

(ii) int(A) = cl(A). 

Corollary 2.1.2! Let A, A;(i € J) be JF Ss in X, B, Bj(j ¢ K) IFSsin Y and f: X —~Y 
a function. Then 


(i) AC f-1(f(A)) (If f is injective, then A = f~'(f(A))), 











(ii) f(f-1(B)) C B (If f is surjective, then f(f~!(B)) = B), 
(iii) fF" (U By) = U f-*(B)), 

(iv) F-"(1 Bs) = F-*(B;), 

(v) f-*(A) =e 

(vi) f-'(Ov) = 

(vii) f-\(B So 


Definition 2.7.!°] Let X be a nonempty set and « € X a fixed element in X. If r € I, 
s € I, are fixed real numbers such that r+s <1, then the IFS z,., = (x,x,,1—2 _,) is called 
an intuitionistic fuzzy point (IF'P) in X, where r denotes the degree of membership of 2,5, § 
denotes the degree of nonmembership of x,,, and x € X the support of z,,,. The IF Pz, is 
contained in the [F'S A(ax,,, € A) if and only if r < a(x), 5 > ya(a). 
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Definition 2.8.!41 An JFSs A and B are said to be quasi coincident with the the IF'S'A, 
denoted by AqB if and only if there exists an element « € X such that w(x) > ya(ax) or 
ya(x) < p(x). If A is not quasi coincident with B, denoted AgB. 

Definition 2.9.) Let A be an IFS of an IFTS X. Then A is called an intuitionistic 
fuzzy a-open set (IF'aOS) if A C int(cl(int(A))). The complement of an intuitionistic fuzzy 
a-open set is called an intuitionistic fuzzy a-closed set (IF'aC'S). 


§3. Intuitionistic fuzzy operators with respect to an intu- 


itionistic fuzzy grills 


Definition 3.1. Let ¢* be the collection of all intuitionistic fuzzy sets in X. A collection 
SY C CX is said be an intuitionistic fuzzy stack on X if AC Band A€Y then BE .Y. 

Definition 3.2. Let ¢* be the collection of all intuitionistic fuzzy sets in X. An intu- 
itionistic fuzzy grill Y on X is an intuitionistic fuzzy stack on X if Y satisfies the following 
conditions: 

(i) OV ZY, 

(ii) If A, Be C* and AUBEY, then ACY or BEY. 

Definition 3.3. Let (X,7) be an intuitionistic fuzzy topological space and let ¢* be the 
collection of all intuitionistic fuzzy sets in X. Let Y be an intuitionistic fuzzy grill on X. A 
function @y : ¢* — ¢* is defined by 


By(A) = U{IFint(A) NU | AqU, ANU €Y,U €T}, 


for each A € (*. The function 6g is an intuitionistic fuzzy operator associated with an 
intuitionistic fuzzy grill Y and an intuitionistic fuzzy topology T. 

Remark 3.1. Let (X,7) be an intuitionistic fuzzy topological space. Let ®g be an 
intuitionistic fuzzy operator associated with an intuitionistic fuzzy grill Y and an intuitionistic 
fuzzy topology T. Then 

(i) g(0.) = 0. = Sg(1,), 

(ii) If A,B € C* and AC B, then @g(A) C S¢(B). 

Proof. The proof of (i) and (ii) are follows from the definition of ®y. 

Definition 3.4. Let (X,T) be an intuitionistic fuzzy topological space and let Y be an 
intuitionistic fuzzy grill on X. Let @g be an intuitionistic fuzzy operator associated with an 
intuitionistic fuzzy grill Y and an intuitionistic fuzzy topology T. A function Vg : T > ¢* is 
defined by Wg(A) = AUIFint(®g) for each A € T. The function Vg is an intuitionistic fuzzy 
operator associated with ®y. 

Definition 3.5. Let (X, T) be an intuitionistic fuzzy topological space and let Y be an 
intuitionistic fuzzy grill on X. Let Vg be an intuitionistic fuzzy operator associated with Og. 
A collection G,), = {A | Ug(A) = A} U {1,} is said to be an intuitionistic fuzzy ¥ structure 
on X. Then (X,%;) is said to be an intuitionistic fuzzy Y structure space. Every member 
of G4, is an intuitionistic fuzzy GY, open set(in short, [F'GY.,-OS) and the complement of an 
intuitionistic fuzzy Y.4, open set is an intuitionistic fuzzy Y, closed set (in short, [FG.t-C'S). 
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Definition 3.6. Let (X, %,) be an intuitionistic fuzzy Y structure space and let A € ¢*. 


Then 


¢* 


(i) the intuitionistic fuzzy Y,1, closure of A is denoted and defined by 
IFy,,,cl(A) =N{B Ee ¢* | BD Aand BE Gur}, 

(ii) the intuitionistic fuzzy GY, interior of A is denoted and defined by 
IFg,,,int(A) =U{B €¢* | BC Aand Be Ger}. 


Remark 3.1. Let (X, Y.;.) be an intuitionistic fuzzy Y structure space. For any A, BE 


i) [Fg.,,cl(A) = A if and only if A is an intuitionistic fuzzy Yt, closed set, 
ii) IFy,,,.int(A) = A if and only if A is an intuitionistic fuzzy GY. open set, 


( 
( 
(iii) [Fy,,.int(A) C A C IFy., cl(A), 
(iv) IFg_,,int(l.) =1. =IFg,, cl(1.) and IFz.,. 
( 


cl(A) = IFy,,,.int(A). 


int(0.) =0. = IFy., cl(0n), 


str 








v) IFg,,.int(A) = IFg,,,.cl(A) and IFy 


str 


§4. Properties of an intuitionistic fuzzy dv, set and azg,,. 


open set in an intuitionistic fuzzy Y structure spaces 


Definition 4.1. Let (X, %Q,,) be an intuitionistic fuzzy Y structure space and let A € ¢*. 


Then A is said be an intuitionistic fuzzy dg,,. set (in short, [F'dg,,,S) if 


IFy,,int(IFg.,cl(A)) Cc IFg,,,cl(IFg,,,int(A)). 


Proposition 4.1. Let (X, %Y,) be an intuitionistic fuzzy Y structure space. Then 

(i) The complement of an intuitionistic fuzzy dg,,, set is an intuitionistic fuzzy dg.,, set, 
(ii) Finite union of intuitionistic fuzzy dg_,. sets is an intuitionistic fuzzy dg,,_ set, 

(iii) Finite intersection of intuitionistic fuzzy dg,,, sets is an intuitionistic fuzzy dg,,,. set, 
(iv) Every intuitionistic fuzzy dg 


str 


sets is an intuitionistic fuzzy G4, open set. 


Proof. (i) Let A be an intuitionistic fuzzy dg,,. set. Then 


str 


IFg,,,.int(IFg,,,.cl(A)) C [Fg 


str 


cl(IFg,,,.int(A)). 


Taking complement on both sides, we have 





IFy,,,int(LFy,,,.cl(A)) ~) IFg,,,cl(IFg,,,int(A)), 


IFy,,,.cl( LFg,,,.cl(A)) - Ik 


str 


int(IFg,,,.int(A)), 
IFg,,,Cl(1Fg,,,cl(A)) 2 [Fg 


str 


int(IFg,,,.int(A)). 


Hence A is an intuitionistic fuzzy dg.,, set. 


(ii) Let A and B be any two intuitionistic fuzzy dy,,. sets. Then 


str 


IFg,,,.int(IFg,,.cl(A)) C [Fg 


str 


(IF y,,,int(A)), (1) 
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IFg,,,int(IFg,,,cl(B)) C 1Fy,,,cl(IFy,,,int(B)). (2) 
Now, taking union of 3.1 and 3.2, we have 
IFg,,,int(IFg,,,.cl(A)) U IFy,,,.int(IF¢.,,.cl(B)) 
CIFg., cdl(IFy,,,int(A)) UIFg,, cl(IF¢,,.int(B)), 


IFg,,,int(IFg.,,.cl(A) U IFzg,,,.cl(B)) Cc IFzg,,,.cl(1Fy,,,int(A) U IFg,,,int(B)), 
IFg,,,.int(IFg,,.cl(AU B)) C IFy 


str 


cl(IFy,,,int(AU B)). 


Hence AU B is an intuitionistic fuzzy dg,,,. set. 

(iii) The proof is obvious by taking complement of (ii). 

(iv) It is obvious. 

Note 4.1. In general, arbitrary union of an intuitionistic fuzzy dg,,, set needs not to be 
intuitionistic fuzzy dg,,,. set. 

Definition 4.2. Let (X, %,) be an intuitionistic fuzzy Y structure space and let A € ¢*. 
Then A is said be an 

(i) intuitionistic fuzzy semig,,. open set (in short, [F'Sg,,.OS) if A C IFy,, cl(IFg,,.int(A)). 
The complement of an intuitionistic fuzzy semig,,. open set is said to be an intuitionistic fuzzy 
CS). 
(ii) intuitionistic fuzzy prey,,,. open set (in short, [F' Py 


str 


semig,,,. closed set (in short, [F'Sy 


str 


OS) if A C IFzy,,,int(lFy 


vir Cl(A)). 
The complement of an intuitionistic fuzzy preg,,,. open set is said to be an intuitionistic fuzzy 
preg,, closed set (in short, IF’ Py,,.C'S). 

open set (in short, [Fag 


(iii) intuitionistic fuzzy ag OS) if 


str 


AC IFg,, int(IFg,,,.cl(I Fg 


str 


int(A))). 


The complement of an intuitionistic fuzzy ag,,. open set is said to be an intuitionistic fuzzy 
ag,,. Closed set (in short, [Fag,,.CS). 


(iv) intuitionistic fuzzy Gg,,, open set (in short, IF Gg,,.OS) if 
AC IFo,,,cl(IF4,,,int(IF,,,cl(A))). 


The complement of an intuitionistic fuzzy Gy,,, open set is said to be an intuitionistic fuzzy 
(g,,, Closed set (in short, IF Gy,,.C'S). 


(v) intuitionistic fuzzy regularg,,, open set (in short, IF Ry,,,OS) if 
A= IFzy,,,int(IFy,,,cl(A)). 


The complement of an intuitionistic fuzzy regularg,,,, open set is said to be an intuitionistic 
closed set (in short, IF Ry,,,,C'S). 

Note 4.2. The family of all intuitionistic fuzzy semiy,, (resp. prey.,, QY,,,; D¢.,,. 
O(X), [Fag,,,O(X), 


fuzzy regulary 


and regularg,,.) open sets are denoted by IF'Sy,,,O(X) (resp. IF Py,,, 
IF By,,,O(X) and IF Rg,,,O(X)). 

Definition 4.3. Let (X, Gz) be an intuitionistic fuzzy Y structure space and let A € ¢*. 
Then 
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(i) the intuitionistic fuzzy ag,,. closure of A is denoted and defined by 


str 


TF og, CA) = {B € ¢* | BD Aand Be IFag,,,O(X)}; 


str 


(ii) the intuitionistic fuzzy ag,,,. interior of A is denoted and defined by 


str 








TF ug, int(A) =U{B € ¢* | BC Aand BE IFag,,,O(X)}. 

Remark 4.1. Let (X, t,) be an intuitionistic fuzzy Y structure space. For any A, B€ 
¢* 

(i) [Fay,,.cl(A) = A if and only if A is an intuitionistic fuzzy ag,,, closed set, 

(ii) [Fag,,,int(A) = A if and only if A is an intuitionistic fuzzy ag,,,. open set, 

ae Fog, int(A) CAC TFag,, el(A), 

(iv) ITFog,,,int(ly) =1v =IFag,, dy) and [Fog int(Or) =O. = Fag, cl(O~), 

(v) IF, oe = TF yy,,cl(A) and [Fug cl(A) = ee 


Pee ek 4.2. Let (X, GYet;) be an intuitionistic fuzzy Y structure space. Then 

(i) Every intuitionistic fuzzy regularg,,,. open set is an intuitionistic fuzzy Yt, open set; 

(ii) Every intuitionistic fuzzy intuitionistic fuzzy G.., open set is an intuitionistic fuzzy 
semig,,, (resp. prey,,., ag,,, and By,,)open set. 

Proof. It is obvious. 


Remark 4.2. The converse of the proposition 4.2 needs not to be true as shown in example 


4.1. 
Example 4.1. Let X = {a,b} be a nonempty set. Let A = (x, (745, gs), (a4, 73)), B= 
(x, 85s a)» (Gan adv © = (Caan bg)s (aBpn 5) amd E = Ce, (Pps hg) (hyp gy) be inte 


itionistic fuzzy sets on X. The family T = {0.,1.,A,B,C,D} is an intuitionistic fuzzy 
topology on X and the family Y = {G € ¢* | 0.2 < pe(z) < land 0 < yoc(x) < 0.8} is 
an intuitionistic fuzzy grill on X. Then the family Y.4, = {O.,1., A} is an intuitionistic fuzzy 
g structure on X. Therefore, (X,G.z;) is an intuitionistic fuzzy Y structure space. Now, 


(i) F = (2, (og, 5), (GS, x4) is an intuitionistic fuzzy Yr, open set but needs not to be 


an intuitionistic fuzzy regularg 


str 


open set in X. 


(ii) H = (2, (gs, wa) Car os) is an intuitionistic fuzzy ag,,.. 


needs not to be an intuitionistic fuzzy Y,,., open set in X. 


(resp. semig,,,.) open set but 


str 


(iii) K = (2, (95; wy) (ao o3)) is an intuitionistic fuzzy preg,, (resp. Gy.,,.) open set but 
needs not to be an intuitionistic fuzzy G1, open set in X. 

Proposition 4.3. Every intuitionistic fuzzy regularg,,,, open set is an intuitionistic fuzzy 
b@,,, Set. 


Proof. Let A be an intuitionistic fuzzy regularg,,, open set. Then I Fy 


aot LF g,,,.cl(A)) = 
AC IFg,,,cl(A). Since every intuitionistic fuzzy regularg,,, open set is an intuitionistic fuzzy 
G1, open set, IFy,, int Fy,,.cl(A)) C IFy,,.cl(lFy 


str str 


int(A)). Hence A is an intuitionistic 
fuzzy dg,,,. set. 

Remark 4.3. The converse of the proposition 4.3 needs not to be true as shown in example 
4.2. 

Example 4.2. Let X = {a, b} be a nonempty set. Let A = (2, (545, ox), (Gee o)) B= 
(0, (sys Pn)s (tas Bea) = (es GBps aha)» (ahs Pe) amd B = (a, Cay, 8s), (G2p» aby) be imtu- 


itionistic fuzzy sets on X. The family T = {0.,1.,A,B,C,D} is an intuitionistic fuzzy 
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topology on X and the family Y = {G € ¢* | 0.2 < pe(x) < landO < ye(x) < 0.8} 
is an intuitionistic fuzzy grill on X. Then the family Y,,,. = {0.,1., A} is an intuitionistic 
fuzzy Y structure on X. Therefore, (X, Y,;) is an intuitionistic fuzzy Y structure space. 


Now, F = (2, (4, 2), (-4, 25)) is an intuitionistic fuzzy dg,,,. set but needs not to be an 


0.37 0.5/7 \ 0.2? 0.2 otr 
intuitionistic fuzzy regularg,,,. open set in X. 


Proposition 4.4. Every intuitionistic fuzzy ay 


str 


open set is an intuitionistic fuzzy 
semig,,,, open set. 


Proof. Let A be an intuitionistic fuzzy ag 


str 


open set. Then 


ACIFg,,.int(IFg,,,cl([Fy,,,int(A))) C [Fg 


str 


cl(IFy 


str 


int(A)). 


Hence A is an intuitionistic fuzzy semiy,,, open set. 


Remark 4.4. The converse of the proposition 4.4 needs not to be true as shown in example 
4.3. 


Proposition 4.5. Every intuitionistic fuzzy preg 


str 


open set is an intuitionistic fuzzy Gy,,.. 
open set. 


Proof. Let A be an intuitionistic fuzzy preg,,, set. Then 


ACIFg,,. 


int(LFy 


str 


cl(A)) C IFy,,,cl(IFy,,,int(IFy,,,cl(A))). 


Hence A is an intuitionistic fuzzy Bg_,. open set. 


str 


Remark 4.5. The converse of the proposition 4.5 needs not to be true as shown in example 


4.3. 
Example 4.3. Let X = {a, b} be a nonempty set. Let 
Ay = (0, (ahgs s)s (ops ap) > Aa = (@s Cates ba) Cotas oED))s Aa = (a, (alos abs): (ota a) 
Aa = (, (37; 938)> (a5 0.2)) As = (@s (ors 03) (a5+ 07)» Ao = (@, (a7 O18): (ors o)), 
Ar = (2, (a5, a6): (ata ata)» As = (2, (ops ota) (as a3) Ao = (@ (Gas oe): (tas oa)» 
Aaa = (2h has (aya) )o Aaa = (ns Gh ba) (ahs as Ana = (6 (an as Cs a) 
and Ais = (2, (47, 23), (a5, ay)) be intuitionistic fuzzy sets on X 


The family T = {0.,1., A;,7 = 1,2,--- , 13} is an intuitionistic fuzzy topology on X and 
the family Y = {G € ¢* | 0.1 < we(x) < 1 and 0 < ye¢(z) < 0.9} is an intuitionistic fuzzy grill 
on X. Then the family Y., = {0., lL, A1, A2, A3, A7} is an intuitionistic fuzzy Y structure on 


X. Therefore, (X, %.1;) is an intuitionistic fuzzy Y structure space. Now, 
(i) B= (x, (4, f°), (cy, o)) is an intuitionistic fuzzy semig,,, open set but needs not to 
be an intuitionistic fuzzy ag 


str 


open set in X. 


(ii) C = (2,(q5, oa) Cen oa) is an intuitionistic fuzzy Gyg,,, open set but needs not to 


be an intuitionistic fuzzy preg,,, open set in X. 


Remark 4.6. From the diagram, the following implications hold: 
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IF agstrOS IF 8g strOS 


YY A NN 
IN 

\ IFG,.,OS => IF Pg 70S 

y, ZA | 

Y Y 


IF Se,08 TF igg06 = TF og as 


\ 


>S< 














85. Separation axioms in an intuitionistic fuzzy Y structure 


space 


Definition 5.1. Let (X, %.,-) be an intuitionistic fuzzy Y structure space. Then an 
intuitionistic fuzzy set A is said to be an intuitionistic fuzzy G,, (resp. ay,,,.) clopen set if and 
only if it is both intuitionistic fuzzy Yt open (resp. ag,,.) and intuitionistic fuzzy Yr, closed 
(resp. ag,,,.)- 

Definition 5.2. Let (X, Y.;;) be an intuitionistic fuzzy Y structure space. Then an intu- 
itionistic fuzzy set A is said to be an intuitionistic fuzzy ag,,, exterior of Aif[FEzta, , (A) = 
TF og, int(A). 

Remark 5.1. Let (X, %,) be an intuitionistic fuzzy Y structure space. Then 

(i) If A is an intuitionistic fuzzy ag,,, clopen set, then IFErta, , (A) = A= A; 

(ii) If AC B then IFEzt,,, (A) 2 IFEttay., (B); 

(iii) [FEatey,, (1) =O. and IF Eztay, (Ow) =1n. 

Definition 5.3. Let (X,%:,) and (Y,%st,) be any two intuitionistic fuzzy Y structure 
spaces. Let f : (X,%str) > (Y,@setr) be an intuitionistic fuzzy function. Then 

(i) intuitionistic fuzzy ag,,. continuous function if for each intuitionistic fuzzy point 2,., 
in X and each intuitionistic fuzzy %.;, open set B in Y containing f(z,,,), there exists an 
intuitionistic fuzzy ag,.,, open set A in X containing z,,, such that f(A) C B; 

(ii) intuitionistic fuzzy Eog,,, Continuous function if for each intuitionistic fuzzy point 2, 
in X and each intuitionistic fuzzy %,,, clopen set B in Y containing f(a,,,), there exists an 
intuitionistic fuzzy ay, ,,,, clopen set Ain X containing x,,; such that fUF Etta, (A)) SB: 

(iii) intuitionistic fuzzy ag,,, open function if for each intuitionistic fuzzy Y.4, open set 
Ain X, f~'(A) is an intuitionistic fuzzy ag,,,, open set A in Y. 

Proposition 5.1. Let (X, %.,) and (Y, @st,) be any two intuitionistic fuzzy Y structure 
spaces. Let f : (X, Gisir) > (Y, Ys) be an intuitionistic fuzzy function. Then the followings 
are equivalent: 


(i) f is intuitionistic fuzzy Ey, continuous function; 
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(ii) f~1(A) is an intuitionistic fuzzy ag, _,, open set in X, for each intuitionistic fuzzy % st, 
clopen set A in Y; 

(iii) f~'(A) is an intuitionistic fuzzy ag,,, closed set in X, for each intuitionistic fuzzy 
@>., Clopen set A in Y; 

(iv) f~'(A) is an intuitionistic fuzzy ag,,,. clopen set in X, for each intuitionistic fuzzy 
@>,, Clopen set Ain Y. 

Proof. (i) => (ii). Let B be an intuitionistic fuzzy %,,, clopen set in Y and let z,, € 
f—'(B). Since f(zr,s) € B, by (i), there exists an intuitionistic fuzzy ag,,,. clopen set A in X 


containing x,,, such that 


fUFEtta,, (A)) = f(IFag,,, int(A)) © B, 


C41 str 


IF. 


C4 str 


int(A) C f-1(B), 


This implies that 
ine : = 
f (B) = Map ET Fi ; int(ay! Fag, ,, nt(A). 


Thus f~*(B) is an intuitionistic fuzzy ag,_, open set in X. 

(ii) > (iii). Let B be an intuitionistic fuzzy %,,, clopen set in Y. Then B is an intuitionistic 
fuzzy G54, clopen set in Y. Thus, f~!(B) = f-!(B). Since f~!(B) is an intuitionistic fuzzy 
ag,,,, open set in X, f~'(B) is an intuitionistic fuzzy ag,,,, closed set in X. 





(iii) > (iv). The proof is easily. 

(iv) > (v). Let B be an intuitionistic fuzzy %,,, clopen set in Y containing f(x,,,). By 
(iv), f~'(B) is an intuitionistic fuzzy ayg,,,, clopen set in X. If we take A = f~'(B), then 
f(A) ¢ B. By remark 5.1, fUF Etta, (A)) © B. 

Remark 5.2. Let (X, “s:-) and (Y, ®s,) be any two intuitionistic fuzzy Y structure 
spaces. If f : (X, Geir) > (Y, Get) is an intuitionistic fuzzy ag,,. exterior set connected 
function, then f is an intuitionistic fuzzy ag,,, continuous function. 

Definition 5.4. An intuitionistic fuzzy Y structure space (X, GYet;) is said to be an 

(i) intuitionistic fuzzy Yzrclo-T9 if for each pair of distinct intuitionistic fuzzy points 2, 
and Ymn in X, there exists an intuitionistic fuzzy %,, clopen set A of X containing one 
intuitionistic fuzzy point z,,, but not Ym jn; 

(ii) intuitionistic fuzzy Y4,clo-T, if for each pair of distinct intuitionistic fuzzy points 2, 
and Ym,n in X, there exist intuitionistic fuzzy %+, clopen sets A and B containing 2,,, and 
Ym.n respectively such that ym ¢ A and z,,, ¢ B; 

(iii) intuitionistic fuzzy Y,4,clo-T2 if for each pair of distinct intuitionistic fuzzy points 2,., 
and Ym,n in X, there exist intuitionistic fuzzy Yt clopen sets A and B containing x,,, and 
Ym.n respectively such that AN B= 0,; 

(iv) intuitionistic fuzzy ag,,,clo-regular if for each intuitionistic fuzzy Gs, clopen set A 
and an intuitionistic fuzzy point x,,, ¢ A, there exist disjoint intuitionistic fuzzy ay,,, 
sets B and C such that AC B and z,,, € C; 


(v) intuitionistic fuzzy ag 


str 


open 


clo-normal if for each pair of disjoint intuitionistic fuzzy Geet, 
clopen sets A and B in X, there exist disjoint intuitionistic fuzzy ag,,,. open sets C and D such 
that AC Cand BC D. 
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Definition 5.5. An intuitionistic fuzzy Y structure space (X,%.,) is said to be an an 


(i) intuitionistic fuzzy ag 


str 


-To if for each pair of distinct intuitionistic fuzzy points z,,, and 
Ymn in X, there exists an intuitionistic fuzzy ag,,,. open set A of X containing one intuitionistic 
fuzzy point z,,, but not Ymnj 

(ii) intuitionistic fuzzy ag,,,-T if for each pair of distinct intuitionistic fuzzy points 2,,. 
and Ym,n in X, there exist intuitionistic fuzzy ag,,, open sets A and B containing z,,, and Ym in 
respectively such that ym n ¢ A and z,,, ¢ B; 

(iii) intuitionistic fuzzy ag,,,-T2 if for each pair of distinct intuitionistic fuzzy points 7,., 
and Ym,n in X, there exist an intuitionistic fuzzy ag,,, open sets A and B containing z,,, and 
Ymn respectively such that AN B= 0,; 


-regular if for each intuitionistic fuzzy ag,,, closed 


str 


(iv) intuitionistic fuzzy strongly ag,,, 
set A and an intuitionitic fuzzy point x,,, ¢ A, there exist disjoint intuitionistic fuzzy G,,, open 
sets B and C such that A C B and z,., € C; 


(v) intuitionistic fuzzy strongly ag 


str 


-normal if for each pair of disjoint intuitionistic fuzzy 
ag,,, closed sets A and B in X, there exist disjoint intuitionistic fuzzy G4, open sets C and D 
such that AC C and BCD. 

Proposition 5.2. Let (X, %,;,) and (Y, %,;,) be any two intuitionistic fuzzy Y structure 
spaces. Let f :(X, Vistr) > (Y, Vesey) be an injective, intuitionistic fuzzy Eo, continuous 
function. 

(i) If (Y, Ggt,) is intuitionistic fuzzy %,;,,clo-To, then (X, %ig;,) is intuitionistic fuzzy 
ag, .4,-L0; 

(ii) if (Y, Yoser) is intuitionistic fuzzy %,,,clo-T1, then (X, %.;,) is intuitionistic fuzzy 
WG, gre L 1} 

(iii) if (Y, Yoser) is intuitionistic fuzzy %,,,clo-T2, then (X, Gist,) is intuitionistic fuzzy 
ag, .,,.-L'2. 

Proof. (i) Suppose that (Y, %.,) is an intuitionistic fuzzy %,,,clo-T'9 space. For any 
distinct intuitionistic fuzzy points z,,, and ym,» in X, there exists an intuitionistic fuzzy % «4, 
clopen set A in Y such that f(x,,,) € A and f(y,,5) ¢ A. Since f is an intuitionistic fuzzy 
Fog, 
Zr,s € f—'(A). This implies that (X, %:,) is an intuitionistic fuzzy ag,,, -T space. 


continuous function, f~'(A) is an intuitionistic fuzzy ag, open set in X such that 


(ii) Suppose that (Y, %,;,) is an intuitionistic fuzzy %,,,clo-T, space. For any distinct 
intuitionistic fuzzy points x,,, and Ym n in X, there exist an intuitionistic fuzzy %,;, clopen 
sets A and Bin Y such that f(t.) € A, f(trs) € B, f(yrs) € A and f(yr,s) € B. Since f is 
an intuitionistic fuzzy E.,, continuous function, f~'(A) and f~'(B) are intuitionistic fuzzy 
ag, ,, open sets in X respectively such that z,,, € f~'(A), t,5 ¢ f~'(B), Yrs € f-'(A) and 
Yr,s € f—'(B). This implies that (X, %,;,) is an intuitionistic fuzzy ay, -T1 space. 

(iii) Suppose that (Y, %,;,) is an intuitionistic fuzzy %,,,clo-T2 space. For any distinct 
intuitionistic fuzzy points x,,, and Ym, in X, there exist intuitionistic fuzzy %,;, clopen sets A 
and B in Y such that f(z,,5) € A, f(ars) ¢ B, f(yr,s) A, f(yr,s) € Band AN B=O0\.. Since 
f is an intuitionistic fuzzy Ea, continuous function, f~'(A) and f~'(B) are intuitionistic 
fuzzy ag,_,. open sets in X, containing z,, and y,,, respectively such that 


f-Y(A)N f-"(B) = f(ANB) = f-'(00) = On. 
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This implies that (X, 4 1,) is an intuitionistic fuzzy ag, ,-T2 space. 

Proposition 5.3. Let (X, @.;,) and (Y, @st,) be any two intuitionistic fuzzy Y structure 
spaces. Let f :(X, Gistr) > (Y, Ystr) be an intuitionistic fuzzy function. 

(i) If f is an injective, intuitionistic fuzzy ag.,, open function and intuitionistic fuzzy 
Fag. 
onto an intuitionistic fuzzy Y structure space (Y, %s:,), then (Y, %st,) is an intuitionistic 


continuous function from intuitionistic fuzzy strongly ay, _, -regular space (X, % ¢t,) 


fuzzy ag,,,,clo-regular space; 

(ii) if f is an injective, intuitionistic fuzzy ag,,, open function and intuitionistic fuzzy 
Boge, 
onto an intuitionistic fuzzy Y structure space (Y,%.:,), then (Y, Yst,) is an intuitionistic 


continuous function from intuitionistic fuzzy strongly ag,,, -normal space (X, 4 s4,) 


fuzzy ag, ,,,clo-normal space. 

Proof. (i) Let A be an intuitionistic fuzzy %.,;, clopen set in Y such that ym» ¢ A. 
Take Ym.n = f(*r,5). Since f is an intuitionistic fuzzy Eag,,, continuous function, B = f-1(A) 
is an intuitionistic fuzzy ag,,,, closed sets in X such that z,,, ¢ B. Since (X, 4 .:,) is an 
intuitionistic fuzzy strongly ag, _, -regular space, there exist disjoint intuitionistic fuzzy G gt, 
open sets C' and D such that B C C and z,,, € D. Since f is an intuitionistic fuzzy ay,,. 
open function, we have A = f(B) C f(C) and Ymn = f(%r,s) € f(D) such that f(C) and 
f(D) are disjoint intuitionistic fuzzy ag,,,, open sets in Y. This implies that (Y, %.,;,) is an 
intuitionistic fuzzy ag,_, clo-regular space. 

(ii) Let Ay and Ag be disjoint intuitionistic fuzzy %,,, clopen sets in Y. Since f is an 
intuitionistic fuzzy Ey, continuous function, f~'(A1) and f~!(Ag) are intuitionistic fuzzy 
ag,,,, closed sets in X. Take B = f~'(A;) and C = f~'(Ag). This implies that BNC = 0n. 
Since (X, Y 41) is an intuitionistic fuzzy strongly ag, , -normal space, there exist disjoint 
intuitionistic fuzzy Y,.4, open sets D, and D2 such that B C D, and C C Dp. Since f is an 
open function, we have A; = f(B) C f(Di) and Ag = f(C) C f(D2) 
such that f(D) and f(D2) are disjoint intuitionistic fuzzy ag,,,. open sets in Y. This implies 


intuitionistic fuzzy ay,,,. 
that (Y, %s+,) is an intuitionistic fuzzy ag, ,, clo-normal space. 

Definition 5.6. Let (X, G.,) and (Y, %.,) be any two intuitionistic fuzzy Y structure 
spaces. Let f : X — Y be an intuitionistic fuzzy function. An intuitionistic fuzzy graph 
G(f) = {(trs,f(@r,s) 1 rs € CX} C C* x CY of an intuitionistic fuzzy function f is an 
intuitionistic fuzzy ag,,,-co-closed graph if and only if for each (2,5, Ym.n) € ¢* x CY \ G(f), 
there exist an intuitionistic fuzzy ag,,,. open set A in X containing x,,, and an intuitionistic 
fuzzy G54, clopen set B in Y containing ym» such that f(A) B=O0.. 

Proposition 5.4. Let (X,%.-), (Y, Yesty) and (X x Y, Gz) be any three intuitionistic 
fuzzy Y structure spaces. Let f : (X, Aistr) > (Y, ser) be an intuitionistic fuzzy function. 

(i) If f is an intuitionistic fuzzy E,, , continuous function and (Y, %.,-) is an intuitionistic 
fuzzy intuitionistic fuzzy ag,_, -T2 space, then G(f) is an intuitionistic fuzzy ag,,,-co-closed 
graph in ¢* x CY; 

(ii) if f is an intuitionistic fuzzy ag,,, continuous function and (Y, %.;,-) is an intuitionistic 
fuzzy intuitionistic fuzzy %,,,clo-T, space, then G(f) is an intuitionistic fuzzy ag,,,-co-closed 
graph in ¢* x CY; 


(iii) If f is an intuitionistic fuzzy injective function has an intuitionistic fuzzy ag 


str 


-CO- 
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closed graph in ¢* x CY. Then (X, Visi) is an intuitionistic fuzzy ag, ,-T1 space. 

Proof. (i) Let (%,s,;Ymn) € ¢* x CY \ G(f) and f(2r,s) € Ymn- Since (Y, Yostr) is an 
intuitionistic fuzzy ag,_, -T2 space, there exist intuitionistic fuzzy %,,,. clopen sets A and B 
in Y containing f(a.) and Ym, respectively such that AN B = Ow. Since f is an intuitionistic 
fuzzy Eog, continuous function, there exists an intuitionistic fuzzy ag,,,, open set C in X 
containing z,,; such that f(Eztay,  (C)) = f(C) € A and f(C) A=0.. This implies that 
G(f) is an intuitionistic fuzzy ag,,,-co-closed graph in ¢* x CY. 

(ii) Let (r,s; Ym) € C* XC \G(f) and f(zr,s) ¢ Ym.n- Since (Y, Mst,) is an intuitionistic 
fuzzy ag,,,,-I'2 space, there exists an intuitionistic fuzzy %,,, clopen set A in Y such that 
f(tr,s) € A and f(a,,,) ¢ A. Since f is an intuitionistic fuzzy ag,,. continuous function, 
there exists an intuitionistic fuzzy ag,_, open set B in X containing x,,, such that f(B) C A. 
Therefore, f(B) A = 0. and A is an intuitionistic fuzzy %,;, clopen in Y containing ym, n. 
This implies that G(f) is an intuitionistic fuzzy ag,,,-co-closed set in ¢* x ¢Y. 

(iii) Let x, and Ym.» be any two intuitionistic fuzzy points in X. Then (ay,5, f(@r,5) € 
¢* x CY \ G(f). Since G(f) is an intuitionistic fuzzy ag 


str 


-co-closed graph in ¢* x ¢*, there 
exists an intuitionitic fuzzy ag,_, open set A in X and an intuitionistic fuzzy %,,, clopen set 
Bin Y such that x,,, € A, f(Ymn) € Band f(A)N B=0.. Since f is an intuitionistic fuzzy 
injective function, AN f~1(B) = O~ and f~!(B) is an intuitionistic fuzzy %,;, clopen set in Y 
containing y,,.. and Ymn ¢ A. Thus (X, 4 s4,) is an intuitionistic fuzzy ag,_, -T1 space. 
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